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SECTION I

INTRODUCTION

1.1 Objectives and Rationale

This volume contains the analytical development of the equations
required for mechanizatinn of a strapdown inertial navigation system

simulation program,

One objective of this volume is to help c¢larify the meanings of
the relationships between the multiply-defined coordinate frames which
ogcur throughout the program., These multiply-~defined frames do not
materially complicate the ccding but can impede analytical insight un-
Jess fully understood. %This effort is concentrated in the Appendices
(mainly Appendix B) and the results are simply introduced in the main
body. -

Anothex objective is to provide the necessary analytical foundation

- for the equations which often werely appeared in carlier documentation.

Program structure was unchanged but several modules were reworked: the
lager gyro and cumpensation are camplotoly new; the navigation and velo~
city-attitude algorithin are upgraded per (5). '

The approach to providing the analytical development of the eguations
actually coded started with inverse Fortran transformation of the code -
to obtain the difference equations mechanized - followed by rederivation
of these cquations and corrections where necossary.

1.2  Sufmary

Sn‘

Starting with discussion of the need filled by the INSS and the

general structure of the program, the vemainder of the volume derives,
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h
develops, and thq‘prasents revelant algorithms, generally on a module-

by-module basis,

Section 3 describes the interim trajectory module~a self-contained
driver which does not permit aircraft maneuvers. Although, the pre-
decessor of this module was used almost exclugively in the earlier version
of program, it was not documented in the reports. This time the trajectory
wodule, which interfaces with PROFGEN, is omitted since it and a modified
PROFGEN program are currently available at AFAL.

Section 4 develops ard presents the equations and algorithms nec-
aessary to simulate directly the random lineavr and angular motion of the
vehicle defined by six displacement power svectral densities, The
resultant rapndom motion is superimposed on the trajectory output and
passed on to the inertial component modules but not to the evaluation

module, hence vibration appears as havigation erxors,

Saction S5 develops and pregents the models for 4 triad of single
degree~of-freedom, floated, rate integrating gyros (operated in a rato
wode) or ring lager gyros and the relatad compensation, which latter is
performaed in the simulated navigation computer. The dynamies of the SDOF
gyros are derived from firat prinoiples, then reduced to algorithmic form,
vhere the umer is given the choice of three dynanic models varying in
effective bandwidth., The treatment of componant alignment, is rather
complex, and despite the explanation (in Appendix D), must be approachad
with caution. The lasex gyros and compensation models are completely new
anddighaged wainly on test data. They are vastly simplified relative to
their predecessors in the earlier veirsions of the program. The usex may
gelect either type of gyro by appropriate module substitution. |

-Section 6 develops and presents the models for a triad of strapdown,
pendulous, single axis, viscous damped accelero@eters with integrated,
digital outputs, The linear acceleration resulting from locating the
accelerometers some distance from the venter of rotaticn of the vehicle
is included, in addition to the errors sources affecting SDOF, floated
accelerometers, Three dynamic models way be selected, The coapensation
scheme, which is included, is more complete than that appearing in most
“cperational” mechanization,

,
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Section 7 presents the velocity-attitude computations for a strap-
down inertial navigator. Since the relevant equations and algorithms
were developed in (3) and (5), there was no necessity to develop them
from first principles. Updating of the alignment quaternion or direction
cosine matrix (d.c.m) by a first, second, or third order algorithm is
permitted, with ( ortho) normalization at a user-specified fregquency.
Regardless of the form of update employed, a d.c.m. is formed, since it
is required in attitude extraction. A sgeparate, mid-computation cycle

d.c.m, is computed for incremental velocity transformation,

Section 8 presents the navigation computations for a strapdown INS,
wherein incremental velocity is summed in an inertial frame, then trans-
formed to a LVWA frame for integration., The navigation algorithm corrves-
ponds closely to the upgraded algorithm of (5), except for the incremental
velocity summation in the inertial rather than the LVWA frame. Attitude
is extracted from the appropriate matrix product., Third order vertical
channel damping is emploved using the simulated barometric altimeter input

as a roference,
Section 9 briefly describes the ervor evaluation routine,

Appendix A, extracted from (S8) defines single axis rotations and

the genatal rotation mateix.

Appendix B discusses and dogeribes the simplest set of coordinate
frames and trannformations which ¢ould be employed in the simulation of
a strapdown INS with & LUWA computational frame, and transformations
actually employed,

Appendix C pregents the rotation matrix in terms of the direction
cosines of the axis of rotation and the angle of rotation and shows the

relationahip between a d.c.m and a unit quaternion.

Aprendix D discusses the inertial component alignment matyrices
and indicates how the required 117 entries describing cciponent aliguent

nay be generated for the component models and compensation.
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SECTION 2
OVERVIEW OF INSS

2.1 The Evolution of the Strapdown Inertial Navigation System

2.1.1 Historical Prologue

Twenty years ago, inertial navigation and guidance systems were in

their infancy.

The inertial measuring unit (IMU) contained three single-degree-
of-freedom rate integrating gyros and two or three floated pendulous
accelerometers or pendulous integrating gyro-accelerometers (PIGA).
Between the inertial sensors and the IMU case were three to five gim-
bals, each with its own gimbal torque motor (usually geared, two-phase)

and one or more resolvers and/or synchros.

The navigation computer was inevitably analog, generally with
electromechanical integrating serves, employing motors with tachometer-
generator fcedback. The platform resolvers were frequently part of the

analog computer. Vacuum tubes were being replaced by transistors; the

silicon power transistor was brand new. Coordinate transfoxmations (if
required) employed resolver chaing. The first airborne, transistorizad,

digital computer - with a digital differential analyser -was in tho offing.

The mechanization of choice, for terrestrial (alrcraft) applica-
'pions, was the "analytic" or local-level, north-pointing system, where-
in three of the gimbal synchros provided direct indication of the air-
craft attitude - roll, pitchand heading (in the five gimbal "goomatric®
system, synchros or encoders also provided direct outputs of latitude

and longitude).

Two othor posgsible mechanizations were of largely academic inter-

est at this time, the "space stable" (or inertially-stabilizod) systom

and the “gimballess" (or gtrupdown) eystem., Both of theose mechaniza-
tiong were wwalting the advent of smaller, faster, more powerful, alr-

2=1




borne digital computers and the development of pulse-rebalanced gyros

and accelerometers.

2.2 The Dawn of the Strapdown Systen

With the advent of the sixties, active strapdown system development
began in earnest. Some of the advantages of the gimballed mechaniza-
tions soon came to be more widely appreciated, namely the isolation of
the inertial components from the angular motion environment, by the
gimbal servos at low frequencies and by the inertia of the stable
element at higher frequencies. Generally, further isolation of the
inertial components from angular and linear vibration environment was

provided by platform isclators, with natural frequencies on the order

of 20 to 50 Hz.

Most of the structural modes of the aircraft are below 20 Hz, so
a strapdown system, c¢ven with isolators, would be subjected to sizable,
coupled, angular and linear vibration inputs at low frequencies, as
well as the gross vehicle motion due to maneuvers. Some of the result-
ing errors are due to the kinematics of the motion experienced by the
sensors, as in "coning" and "anisoinertia", and will affect even per-
fect inertial sensors, while others are the results of the interaction
of the environment and the dynamics of the particular sensor and its
rcbalance lcop. Only in very special cases are the ceffects of the
above types of forcing functions on strapdown inertial navigation sys-
tem performance analytically tractable. Thus the available methods of
assessing strapdown inertial component or system performance, short of

actual flight, are reduced to environmental test and simulation.

Strapdown systems also impose rather severe computational require-
ments on their navigation computers. These arise from the necessity of
transforming the incremental wvelocity outputs of the accelerometer from
the vehicle or body frame to an inertial or earth-referenced computa-

tional frame in which the position and velocity of the vehicle are
computed.

2-2



Since this transformation includes the total vehicle angular
motion due to both maneuvers and vibration (up to several hundreds of
degrees per second), it has to be computed very frequently and very
accurately. Computational errors in strapdown systems could easily
equal or exceed the entire system error budget. Here again, the analy-
tical assessment of computational error propagation in strapdown algo-
rithms generally included only those special cases which were analy-
tically tractable.

These analytical results led to the re-emergence of the quaternion
(from the mists of antiquity) as the preferred means of generating the
transformation from the body (inertial sensor) frame to the computation-
al frame. Very recent indications are that at least one strapdown sys-
tem manufacturer is returning to the "old" direction cosine or rotation

matrix directly.

2.3 The Present Situation

The first strapdown system was flown about ten years ago. Today.
there are a number of strapdown systems in varying stages of develop-
ment and/or test. Flight test results range'from low accuracy to mod-
erately high accuracy. With regard to the inertial components, all the
accelerometers used are of the pendulous, single-axis variety, gener-
ally with analog loops and external analog-to-digital conversion. A
full range of gyro types are found ranging from two-degree-of-freedom,
free gyros (ESG's) and two-degree-of-freedom, dry-tuned gyros to single-
degree-of-freedom floated, rate-integrating gyros and laser gyros, with
a variety of gyro signal digitization methods. Only the laser gyro has
an inherently digital output.

The digital computers for the strapdown IMU's are changing so rapid-
ly that no general characterization is likely to be correct for long,

beyond the fact that the word length is ususally 16 bits and the cycle

2-3
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time is less than one microsecond. They are small, fast, powerful, and

cheap, compared with their mini-based predecessors of a few years ago.

2.4 Justification for the Inertial Navigation Strapdown Simulator (INSS)

With the proliferation of existing and projected strapdown INSS's,
the need for a flexible, powerful tool for the evaluation of the pro-
jected performance of candidate strapdown systems in their operational

environment became evident.

It was in an attempt to fulfill this need that the INSS was

generatad.

2.5 Characteristics of the INSS, or What Does the Simulator Do?

The simulator performs the following functions:

a) Provides a fliyht profile for a point-mass aircraft executing
coorcinated maneuveys. Profile includes position, velocity,
accnleration and attitude of the aircraft.

b) Superimposas on the flight profile, the angular and linear
motion of the alveraft in response to random aerodynamic

forces such .5 ousts and turbulence.

¢) Operates on the specific force and angular velocity to produce
the ideal body frame values of thase quantities and the corres-
ponding angulayr acceleration.

- d) - “Integrates the gyro and ascelerometer equations of motion, of
. the form gpecd “led, after accounting for the displacements of

/ the inexti~l componcnts from the “center" of the point-mass

-%? L ' 4‘ " vehicle, and their orientations with respect to the body £rame.

ed ' ' Incorporates effect: of component parameters and environmwent

3 on component outputs. .

2~4
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e)

£)

9)

h)

i)

3)

k)

Reads true altitude and perturbs the same according to the al-
timeter model.

Transmits sensor data from simulated IMU to simulated naviga-

tion computer, and resets sums.

Performs accelerometer compensation function (this is essen-
tially the inverse of the accelerometer model, with errors and

omissions).

Using compensated accelerometer outputs (Av's) and gyro out-
puts (A8's) it performs the gyro compensation (again, this is
essentially the inverse of the gyro model, with errors and

omissions).

Updates the body-to-inertial-frame transformation (direction
cosine matrix, DCM) and transforms the incremental velocities
to the inertial frame (either a DCM or a quaternion update
may be employed).

Transforms the incremental velocities to the local vertical
wander azimuth computational frame and computes local vertical
position and velocity (incorporating the barometric altimeter
for vertical damping) and attitude.

aAs required, the navigator outputs are differenced with the
flight profile values and the resulting errzors are printed
out: and/oxr plotted.

These funotions are shown pictorially in Figure 2«1,
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SECTION 3

TRAJECTORY GENERATION

The INSS may employ any trajectory module which is compatible with

the conventions used in the remainder of the modules.

The trajectory module which will normally be used to investigate
the effects of vehicle dynamjics encountered in tactical aircraft is
available from the Air Force Avionics Lahoratory (RWA~3). This module
accepts the outputs of an independent, AFAL-developed, flight profile
generator program, PROFGEN(2), which has recently been modified to

simalate more closely the dynamics of a point-mass aircraft,

PROFGEN outputs will include the geodetic position (and wander
angles if appropriate) eartherelative velogity, and attitude (roll,
pitch, and yaw or heading), in addition to specific force (or incre=-
mental velocity) in any of geveral preselected coordinate frames. The
earth and gravity models employed in PROFGEN are bagsed on the WGS72
Ellipsoidal Barth Model (1) and hence are compatible with the INSS

modules.

The function of the INSS trajectory module, is this case, is largely
a4 matter of accepting the PROFGEN outputs and performing such operations
(as initialization, summation, transformation, etc) as are necessary
before passing the data on to the remaining INSS modules, The above
trajectory module and the flight profile generator program, PROFGEN, are
not dascribed furthor in this report, Instead, the interim trajectory
module (which provides the same ocutput data) is described in the remainder
of this section.
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The trajectory generation module (TRJ) allows the user to simulate
elementary flight profiles by specifying a simple set of flight control
parameters. The module TRJ was designed as a program driver for software
development and debugging; therefore, it has very limited capabilities.

It is restricted to constant velocity profiles at fixed aircraft headings.
In addition, there is no provision for roll or pitch motion.

The user specifies the initial position, wander angle, and attitude
of the aircraft, plus the east, north, up components of velocity relative
to the earth.

v = lve, v, vu'

These velocity components are constant throughout the simulaced flight.
Given the initial conditions, the program computes the current values of:

® Position Ly 4, h

® Velocity (constant) Ve' Vh, vu
o Heading (constant) H

e Roll, pitch, yaw (R = const, P = const) R, P, ¥

e Azimuth wander angle o

® Integrated apecific force in body coordinates qyb

e Specific force in body coordinates ' EP

'p Body angular veloaity in body coordinates gﬁg

The specific force and angular velocity are sent to the random
environment module (ENV). 'The altitude and vertical velocity are used
in the altimeter module (ALTI). The evaluation module (EVL) compares
the values of position, velocity and attitude from the trajactory module
with the values computed by the navigatioa algorithms.
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The trajectory module resads two files of input data when it is
initialized., During the initialization pass it also generates an ocutput
file containing geodetic constants and initialization data which is
available to the other program modules. The initialization of the
trajectory module is summarized in Section 3,1. The normal module

computations are described in Section 3.2.

3.1 Trajectory Module Initialization

The following operations are performed on the initialization pass

through the trajectory module.

1. Read the two initialization data files, IFILE and PFILE, and
convert the data into internal program units.

IFILE INPUT DATA

Variable Description Units
pr module time step 5
PRNTSW print control switch -
OUTSW n&t used ' -
XFILE unit number of print file -
ILAT geodetic latitude dag
ILON geodetic longitude deg
IALT altitude ft
IvEL (1) ground velocity-east ft/s
IVEL (2) | ground velovity-noxth £t/s
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g Variable Description Units

: IVEL (3) ground velocity- up ft/s
IPITCH pitch angle deg
IYAW yaw angle deg
IROLL roll angle deg
MODPDT module print interval s
IWANDER initial azimuth wander angle deg

PFILE INPUT DATA

Variable Description Units
WE earth rotation rate rad/s
RE equatorial earth radius ft
G nominal gravity ft/s2
PRNTDT general print interval s

2. Compute the specific force in body coordinates. fThe spocific

force in geographic, i.e., (e, n, u), coordinates is

=_ye+(wen+auie)xge-g

5

whare_yé is the welocity relative to the earth and g is the gravity
vector. Tho trajectory module is restriocted to constant velocity, so

A% is zexo. 'The program also assumes the velccity_ye is zero during the
initialization pass and computas

at - ¢

b b 2
a = Cna
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This is correct only if the earth relative velocity is zero,
Fortunately, the accelerometer and gyro modules do not use the initial
value of specific force, so the approximation is immaterial.

3. Compute the angular velocity of the body with respect to
inertial space in body coordinates. Since the orientation of the body
is fixed relative to geographic coordinates, the angular velocity of
the body wrt inertial space is equal to the angular Qelocity of the
geographic frame (the %-frame) wrt inertial space. V

\ a
Yy 7 24
R + )
= Eﬁe el

The angular velccity expressed in inertial coordinates is
[0 -V, /x;) cos &

Wy = % + V’Q/(rp o5 L?

[0 ] [wy/my) ein s 1

whexe r . and ¥, are the meridional and prime vertical radii of curvature,
The angular velocity is then transformed to body coordinates. -

b b i
Yp ¢ Gl

4, Compute the airvcraft heading'Eromxthefspecified azimuth wandex - )

and yaw angles. The heading remains constant_uhroughout'therilight -
trajectory. - ‘ ; L

Hw ¥=a:

- where Y is the specified initial yaw angloe and ais gha>initial.wandex .

- angle.

5. Compute the time rate of change of the_rc;l. pitch and yéw
angles. Since the body orientation is:fixed relative to gecgraphic
coordinates, o '
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= 0 (roll rate)

= 0 (pitch rate)
. \'4

= = _}_e_ tan L (yaw rate) .
p

6. Generate and write the output data file PFILE. The output

data consists of initialization constants from the IFILE and PFILE input

data files, plus the initial value of specific force which was computed

during the initialization cass.

other program modules.

The output PFILE is available to the
Although the roll, pitch and yaw rates are

placed in the PFILE, they are not used by any of modules. All variables

in the PFILE are in internal program units,

Variable

WE
RE

4
PRNTDT
LAT
LON
WANDER
ALY
ROLL
PITCH
YAW
ROOT
poOT
YooY
VEL (1)
VEL(2)

VEL{3)

AB(L)
AB(2)
hB(3)

PFILE OUTPUT DATA

Description

earth rotation rate
aeguatorial carth radius
nominal gravity

general print interval
geodetic latitude

geodotic longitude

initial azimuth wandor angle
altituda

~ roll anglo

pitch angle
yaw angle
roll rate

pitch rate

yaw rate

ground velocity-east
ground velocity-north
ground velocity=up

spacific force g?

36

Units

rad/s
£t
ft/52

rad
rad
rad
£t
rad
rad
rad
rad/s
rad/s

- rad/s -
£t/s

ft/s
ft/s
2
ft/s
ﬂ:/s2
ft/52
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3.1.1 Position Equations

The program is restricted to constant velocity with respect to
the earth in geographic coordinates. The module mechanizes a conven-
ticnal set of equations to compute latitude, longitude and altitude
from the specified velocity (Ve. Vn. Vu). The differential equations

are:

Ve = “Vy/Tp

men = ve/rp

Wy © (Vé/rp) tan L

L @ =)
L ee

£ ugn/cos L

h = Uu : _ {3-1)

whare L and rp are the meridicnal {(noxthexly) and prime véreiqal

{easterly) radii of curvature respectively.

t (1~ e
b - - : +h
" (1 -,cz sin2 1 Y/?
¥
. &
¥, W - e 4 b
P Q- e2 sin’ L)llz

L = geodetic latitude

o
[}

geodotic longitudo

=
]

altitude
VQ - (V,V,V }
e { e’ n' "u

| 3
Y%n ~ {”he' Cen “eu}

r - ~equatorial earth radius (20925640 ft)
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eccentricity

m
[}

]

e(2 - e) 0,006694317778

™
i

1/298,26 = ellipticity

0

o
i

The differential equations are solved using rectangular integrations.

ho+ 1 L, = weht
Iy ey ° & ¥ (e, cos L)t
hn + 1 = hn + Vu At (3-2)

3.1.2 Attitude

Thare is no xoll or pitch motion: i.e., R and P cqual zero, The

heading is also constant., The yaw angle in the program is defined as
Y w a-H}

so, the yaw rate is cqual to the ratoe of change of the azimuth wandor

-angle.
»
n -
a ou
Y = e
el

- Rectanguwlar integration is used to compute the yaw and azimuth
wander angles, ' ’

a rn-wﬁt-
n+1l1 n ou

Yn sy =Y, - weudt : _ {3-3)

The roll, pitch, yaw and azimuth wander angles are used to com-
pute the body attitude matrices c;’ and C?. The transformations utilize -
the local lovel azimuth wander frabe (¢).
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b
The Cc transformation is a function of the roll, pitch, and yaw angles.

& e e

& - X (D X(R) ¥ (P)Z(V) X (T2 ()

The transformation from (£) to the azimuth wander frame is @ simple

rotation through the azimuth wander angle,

cE = Z(a)

The details of each of the transformations is explained in Appendix B.

Notice that while the program uses the azimuth wander frame (c),
. this coordinate system is not needed. It would have been simpler to
transform directly to the body frame using the heading angle.

S s et ¢ s L A¥hs sy m e ames e RN

¢ = CRIC(RICH)

3.1.3 Angular Velocity of the Body

The avurage angular veloclty of the body over the simulation time
step At is computed from the Buler rotation of the body over the time

interval.
RY i
Li(n)Cb(n - 1) = M(At)
b
o F(8)
¢ I - F(pf’)
where

0 63 &,

P s | Gy 0 -g,




The incremental Euler rotation is obtained from the off-diagonal elements

of the matrix M; viz,,

™3

@
1

6 -m 5 (3-6)

2

The average angular velocity in body coordinates is

b

= gP -
w,, = 87/At (3-7)

3.1.4 Specific Force

The specific force in geographic coordinates is computed from
the specified velocity. The specific force is then transformed to the
body frame. The general expression for the specific force in (e, n, u)

coordinates is

=

a = V'+ + 2w, -
- !é (EQ,enu EQE) X !é 1

The program computes the integral of specific force over the simulation
time step At. The integrated specific force is made available to the

evaluation module (EVL) for comparison purposes.

2 ) L 8
QU = AV 4 (W + 20 ) x V) - g ot

The scalar axpressions are

-
[ -

- + j .
dve Ave (weu ?‘wie sin L)Vn + wen + 2wie cos L)Vu
av =l AV |+ (w + 2w, sinL)V - w V +g At
n n eu ie e ee u n
av v ~(w_ + 2w, cos L)V +w V + g
, U u ie e €e n u

heo en
(3-8)
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where the componeats of angular velocity with respect to the earth

(mee' W, weu) are given in Eq. (3-1). The WGS72 coefficients for
the gravity vector are

9, = 1.63x 107 1 sin L cos L

9, = ~-(32.0877057 + 0.16939081 sin’ L + 7,52810 x 10~% sin® 1)

X [1 = (9.6227 x 107° - 6,4089 x 10710 gin? 1) h + 6.8512

x m-lshz]

The change in velocity _A__\_{e 2 is zexo because the specified velocity

is constant. The specific force is then computed from dv  and trans-
formed to body coordinates.

ot

- atate
Sa.d

(3-9)
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RANDOM ENVIRONMENT
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The environment module . (ENV) simulates angular and linear vehicle
motion generated by unpredictable sources such as wind buffeting during
ground alignment and air turbulence during flight. The current version
of the program is restrictive because it allows only one representation
of random motion for all segments of the simulated flight profile. This
deficiency should be corrected because the environment during ground
alignment is drastically different, for example, from the inflight en-
vironment of high-performance aircraft.* 7

Power spectral density plots are usually used to descxibe random
aircraft motions. The shape of the PSDs is usually quite complex. For
example, the PSD in Figure 4-1 shows the motions measured in the B-1

radome - forward avionics bay.

The environment module accepts PSD characterizations for each
component {roll, pitch, yaw) of linear and angular motion. The module
converts the PSD representations into linear and angular random motions
ag functions of time. In designing the program it was agsumed each of
the six components of random motion were uncorrelated., While this

assumption is certainly not valid, it is convenient because cross-
correlation information is normally not available, The program accepts

PSDs at the displacement level; i.e.
. e Angular displacement PSD ~ (radz/ﬂz)

e Linear displacement PSD - (ftz/uz)

*alternatively, the capability to run the program in segments e.q.
ground alignment, cruise, etc., could be added.
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Figure 4-1. Graphic example of PSD parametric specification
(turbulence).
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. The position level PSDs must be constructed if the aircraft motion is

specified at the velocity or acceleration level.

. To simulate the random motion it is necessary to specify the

following items:

Descriptions of the Six PSDs

Each PSD is approximated by specifying parameters which describe
the PSD in each regions of peak-power density. Three parametexrs

are needed for each region of peak density (see Figure 4-1),.
. AP - peak PSD amplitude (unitsz/Hz)

e BW - half power bandwidth (rad/s)

. mo - frequency at peak (rad/s)

The number of peaks must also be specified., The program allows
a maximum of five peaks for each PSD.

wind-Gust Intensities

The PSD amplitudes specified above represent vehicle motion
when the rms gust intensity along each axis is 1 foot/second.
The variances of the desired intensity levels must be speci-
fied,

e Lateral (ft/s)2
¢ Longitudinal (ft/s)2
o Normal (yaw) (ft/s)2

gimulation Time Step

The simulation time step must be chosen so the simulation
frequency is approximately 10 times the highest frequency

of interest. The program will generate random motions which
approach discrete white noise if the simulation frequency is
too low. The highest freguency should be obtained from angular
velocity PSDs and linear acceleration PSDs because the position
level plots attenuate the high-frequency components.
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4.1 Random-Motion Computations

Figure 4-2 shows the operations performed in the random motion
module., The linear displacement PSDs are converted into samples‘of
random velocity in body coordinates. The velocity samples are then
differenced to form samples of angular accelerations. The angular
displacement PSDs are converted into samples of angular velocity in
body coordinates. The average angular velocity 8w over two simulation
cycles is used to compute the transformation from nonvibrating to

vibrating body coordinates.

The total linear acceleration is obtained by adding the random
acceleration Gap to the acceleration from the flight-profile generator
after it has been transformed to vibrating body coordinates. The total
angular velocity is obtained by adding the random angular valocity Gmb
to the angular velocity from the flight-path generator. The derivative
of angular velocity is formed by differencing successive samples of total

angular rate,

4.1.1 Random-Motion Generator

The algorithms for the linear and angular random motion generators
are identical — only the units are different. Each displacement PSD is
converted into random displacement motion 8X samples.

v, = (6x = 6x /bt
Displacements are simulatod rather than velocity or acceleration to
guarantee that random displacements will remain bounded in the simula-
tion output.

The eguations for generating random motion corresponding to a
specified PSD will now be develcped. The specified PSD, S(w), can be
generated by passing continuous white noise n{t) through a shaping
£ilter H(Jjuw).

St = |uiiw|? s, (@) (units?/mz)
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Figure 4-2, Random motion module mechanization.
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It is convenient to make the white noise dimensionless and of unit .
amplitude. This allows all of the PSD characteristics to be incorporated
into the transfer functions H(jw). The power spectral density for unity

dimensionless white noise is
Sn(w) = 1 (1/Hz2)
Thus, the PSD of the output of the shaping filter is
S(w) = IH(jw)lz (unitsz/nz)
A PSD, such as the one in Pigure 4-1, can be approximated with i
reagsonable accuracy using a set of second-order shaping filters connected |

in parallel as shown in Figure 4-3. Each peak of the desired PSD is

generated by one filter. The input white noise sources are uncorrelated.

s, (w) = [Hy ()|

Yy |

-—TES-—-. Hl(jm) : i
" ) S {w) = S, (w) +S, (w) =5, (u) §
s, (ws[Hy(g) | Y T g :

2 i

(t) L

wea]  Hpldu) AT N ;‘
nz(t) 2\ . e lh 2‘-7;’ y(t) :
l ya w : 3(\1(»” ‘ |

Figure 4-3, Generation of complex shaped PsD, 4
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Each of the second-order shaping filters has the transfer function

Wk

Hi(jw) = 3 - (4-1)
(ﬂi) + 23(39) +1
W W
n n
where
w, = undamped natural frequency {rad/s)
E = damping ratio
K = gain (units)
The PSD of the filter output is
(4~-2)

n

K
si(m) = 3 2 - 5
(-‘i’-) + 2(26° - 1)(«—) +1
W , \u,/ :

The output PSD is completely determined by K, mn. E, ‘'Thesa
coefficients can be related to the following characteristics of the
resonant peak (see Figure 4-1). ‘

Ap = poak amplituda (unitsz)

BW - half-powar bandwidths (rad/s)

w, - frequency at peak (rad/s)

The program usey specifies'hp, BW, Qo for oach of the filters.
A maximum of five filters can be used to approximate each PSD,
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The program computes K, wn, E from Ap, BW, mo using the follow-

ing relations:

a = %E- (0 <ac< JE)

o

a2 271/4
I
(4-3)

1 - (w /0 )2 1/2

E = _..____Q,_L_
2

K = [1-(1 -"2E2)2]Ap

The second~oxder shaping filter in Eq. (4-1) will be placed in
state variable form to generate the difference equations for computing
the seguence of numbers which simulates the random motion. The mechanized
equations use the following transform pair to relate the PSD to the

auto~correlation functions:

S(f) = ° f r()e 2™ ar  (units®/mz)
I ) S
40
R(Y) = f s(£e"2™ g¢  (unit) (4-4a)
' it

whexe R{*) has tho dimensions of (units)z and S(f) has dimensions of
(uhitsz{ﬂz). The transform is frequently written as

- 4-8
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S{w) = f R(De T ar  (units®/hz)
(4-4b)

R(1) = / s(wed¥T au  (units?)

Notice that the definition of the power spectrum S(w) has not changed
so the dimensions are still (unitsz/ﬂz). Most PSDs (such as the PSD shown
in Figure 4~1) are plotted using the single-sided transform

o+

Splw) = 2 f R(".:)et'jm dv + R(0) 6 (w) w>0
0+

| That;'is, the PSD is plotted over the positive frequency domain and, ex~

cept. for the d¢ component, is scaled by a factor of two. The user should
scale the single-sided peak amplitude Ap; the program scales Ap to the
two-sided transform for the internal calculations. The continuous-state
representation for the shaping filter is

R(t) = FR(t) +La(t) (4-5)

Y(t) = HX(t)

where n(t) is the dimensionless unit white-noise input to the shaping

“filter and Y(t) is the filter output, The scalar eguations are

& 0 1 X 0

™ L3 n(t)
. 2 _ \ -2 ea
X, ~u, <20/ \X,/ /!Enn_ (4-6)
¥(e) = X ()
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The mean and covariance of X(t) are

E[X(t)] = O
t
P(t) = ¢(t.t) P(t.) ¢t .t ) + f o (t,T)QETd(t,T) " dr
1°0 0 1% ' '
(4=7)
where

P(t) = EIX(t) x(8)7)
P(t,.) = B{X(t.)) X(t )Tl

0 238 2%
E[n(t)n(r)T] = 6t - 1)

The magnitude of ) follows from the transform pair.
o

S = fQﬁ(t)e“jm_df «- Q.

oo
 Si§ce n‘t) is di@ensionleSS“unity white noise
Q=1 (1/z)
'ﬂ}a di#*:rete t:ime_-s_t;at;e representation for the sl;a;:j.ng x‘_ilterr is

At ) "'°‘§n+l,-tu) + o8 _ ‘ : §§e0}
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where En is a vector of dimensionless discrete white-noise samples of
unit magnitude. The elements of Eﬂ are mutually uncorrelated. There-
fore,

E[W WT] = IGM

The covariance equations for the discyete system is
o v
P(tn+1) = ¢(tn+1. tn) P(tn) ¢(tn+1. tn) + Qn

Q = slggnwﬁnTl = BBT ' (4-9)

The objective is to simulate the continucus system (Bg., (4~35))

R(E) = FX(E) + Lalt)
¥{t) = HX(t)

with the diécxgtersystem (Eg. (4-8))

3.;1“1 - ﬁt.n*l,”gn).ﬁn.‘# 3511 o -.
, Yﬁ,i - th

such that both systems have identical first and second moments. The
elegents of B are Zero mean random numbers with unity variance. Both
systems aré zerc meéan because. '

Eln(t)) = El@1 = 0

4=l




To make the covariances in Eq.

to equate

(4-7) and (4-9) equal, it is necessary

t .
n+l

f ¢(t,r)ccT¢ (t,T) ar (4-10)

t
n

Thus far, the elements of B are undefined. They will be chosen

so Eq. (4-10) is satisfied. The transition matrix over the interval

T = Tn+l - tn 1ls
)
¢(tn+1' tn) = ¢(T) =
¢
013 = 2B by, by,
l] ~-Ew,.T
¢ = —— e n sin
12 wR
2
01 = "9n12
~Ew.T
= n T -
¢22 e cos wy
where
2
mR = W, l-E

4-12

4-11
wRT | ( )
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Substituting the expressions for ¢(t,t) and { in Eq. (4-10) and
carrying out the inteqrations gives

-2Ey T .
E n [Ewn cos (2wRT) wp sin (2mRT)]

22

] 1 - e-ZEwnT Emn cos (2b) - w, sin (2b)
R * 2
EwR/wn 4mR

- - +

e 2Ew,T [Ewn cos (szT + 2b) Wp sin (2mRT 2b)]
2

4wR

e-ZEmnT -1 sin b . mR cos b + Ewn sin b

q
12 2 2
4EwR 4wR n

"'2E nT
e [Emn sin (ZwR? + b) + w,. cos (ZwR? + b)]

R

2
4wan
where

b = gin — (E)
4-13



The elements of B are found

by equating

T
BB = Q
b b
11 12 b1 P 9 9
= Kuw
b b
21 °22 bia Py, 9 9y,
2 4
bll + b12 - Kmn qll
2 2 4
b1y * 0y = Koo oq,,
b.b.. +b. b = Ko
11°21 12522 = N, 9y,

There are three equations

coefficient is arbitrary. Let b2

o
]

= A
-
MR

o’
|

o
fl

This gives all the coefficients

>
1]

and

1 = 0, then

“’rzx Vo,

2  ———
“n qlz/\/qzz

2 ‘/ ey
n Vi1 7 94279
needed for the discrete system

cb('r)_}_gn + Cﬂn

4-14

four bij coefficients so one

(4-13)
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The equations used to generate random displacement 6X are

Xl(n+l) = ¢11 Xl(n) + ¢12 xz(n) + bll Wl(n) + blz(n)
xz(n+1) = ¢21 xl(n) + ¢22 xz(n) + b22 W2(n) (4-14)

6X(n) = X, (n)

where wl(n) and wz(n) are numbers generated by a zero mean, unity variance
Gaussian random number generator. Random velocity is obtained by differ-

encing consecutive samples of 6X.

dv(n) = [8X(n) - 6X(n-1)]1/T (4-15)

The system is stable for all damping ratios greater than zero.
Thus, the covariance matrix will always approach steady stafe. Since
the random vehicle motion is assumed to exist prior to the start of the
simulation, the initial conditions are chosen so the system starts in
the stationary gondition. The required relations can be derived directly

from the continuous system covariance equation.
. T T
P(t) = FP(t) + P(t)F + Q¢ (4-16)

In steady state, P(t) is zero.

T T
0 = FP,  + P, F + Q

The F and ¢ matrices are given in Eq. (4-6). Q equals unity.

| 2
0 1 Py P12 Pir P12\/° 0

+ + (0 mez)
2 2 n
- -2En P P P P l -2Ew W
n n n

12 22 12 22 n
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The steady-state covariances are

Kwn
P T @
P12 = 0 (4-17)
0
P22 T I
The initial state is generated from
X(to) = A Eo (4-18)

where Ho consists of zero mean unity variance numbers from the Gaussian

number generator and the elements of A are chosen so P(to) equals P

ss”
BIX(t) X(t)T] = AE[H W 1A
Pss = an’
Pp O i 11 alg 1 %1
O Py %21 %22 %12 %22

Solving for a,., terms gives

ij
wn
31 “ VP11 TV
Ku>
32 " NP2 Y
8, " 8 =0
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The initial state variables are computed from

Xty =Jz "1 |

xz(to) =J i Wz(to) (4-19)

4,1.2 Random Angular Motion

The output of the random angular motion generator is random angular
velocity in body coordinates. The average angular velocity over two

consecutive simulation cycles is used to compute the transformation from

nonvibratory to vibratory body coordinates.

(]
r“‘ . ‘
‘&P " (w:x * sun-l)/z
b bn_ . b )
n ;
% = & F !
A first-order attitude algorithm is used to update the attitude
matrix each computation cycle '

i b . - WS < I
e | Cp (E+ D M ¢

1 6(93’1‘ -Gu)z'r

e N(T) = "60)3'1’ 1 6@{1‘

© o Fewblinn s Wit . bR

sz'r -6m1'1‘ : 1»,' | . :
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The attitude matrix is orthonormalized each cycle by the following

equation which is accurate to first order

b b 1.b bn b ]
Cbn(ortho) = ('bn -__z'cbn [Cbl cbn - I
b .
where cbn is the nonorthonormalization matri::,
The total angular rate in body coordinates is formed by adding
the random angular velocity éw to ti.e angular velocity cobtained from
the flight-path generator :

&Pa.u? +8

. -

where

g? = total angular velocity in body coordinates

LY

bn
u = angular velocity from flight-path generator

b .
w = random zngular velocity

The time derivative of total angular rate is obtained by differ-
encing consecutlive gsamples of total angvlar rate.

)

‘&?x = (“: ".f‘“fz-l)/’

4,1.3 Random Liné&r Motion

The output of the random linear motion denerator is random linear
velouity in body coordinates. Random accelexation is computed by differ-
encing consecutive samples of velocity.

e (o] -8
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The total acceleration in the vibrating body frame is obtained

by adding the random acceleration GaB to the acceleration obtained from

the flight-path generator after it has been transformed in vibrating

body coordinates.

where

I o
o
g o

Ve

o |

total acceleration in vikbrating body frame
acceleration from flight-path generator
random acceleration

transformation from nonvibrating to vibrating body frame
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SECTION 5

GYRO MODELS AND COMPENSATION

The program is structured so that either SDF or laser gyro strap-
down systems can be simulated. The gyro modules, gyro compensation modules
and initialization data files are designed to be functionally identical and
can be replaced simply by specifying the correct data sets for the desired
class of instruments., The dataset names are listed in Table 5-1.

Table 5-1, Dataset names for SDF and laser gyro modules.

DATASET NAMES
Source Programs and Data Fileg SDF Gyros Laser Gyros
Gyro model SDFGYRO, FORT RLGGYRO,FORT
Gyro compensation SDFCOMP . FORT RLGCOMP , FORY
Gyro model data SDFGYRO.DATA RLGGYRO.DATA
Gyro compensation data SDFCOMP . DATA RLGCOMP. DATA

The SDF gyro and gyro compensation modules are described in Section 5.1,
The RLG laser gyro and gyro compensation modules are described in
Section 5.2.

Gl
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5.1 SDF Gyro Module

The SDF gyro module (gyros) simulates three body mounted single-
degree-of-freedom gyros operating in torque-to-balance modes. The
single~degree~of~freedom gyro contains a multitude of possible error
sources when it is used in strapdown mechanization due to the high
angular rates which may be present., Only the most dominant of these
error terms—anisoinertia, cross coupling, and output axis accelerations—
are included in the model. Float suspension and float misalignment effects

are ignored. The gyro model contains the following error sources:

e Anisoinertia
e Spin-output axis cross coupling
e Output axis accelerxation
® Gyro input axis misalignment
e Scale-factor error (both positive and negative)

e Scale-factor rate sensitivity (both positive and negative)
e Gyroc bias
e Exponentially correlated random drift

~ & Tuxn-on trans.ent
® G and G-squared coefficients
@ Angular quantization

the program allows the uger to specify one of three wodels for the re-
balance loop:

‘a, “Performance" model which ignores gyre inertia and gyro
damping. I

b, A first order differential equation model which contains gyro.
damping. ' L

c. A second order differential equation model which contains
‘both gyro damping and gyxo inertial. '
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The validity of these various approximations will be examined in
Section 5.1.1,

Section 5.1.2 derives the equations describing the dynamics of
the SDF gyro. The torgue-rebalance loop is then constructed using t@e
dynamics of the instrument about its output axis. Section 5.1.3 de-
scribes the mechanization of the SDF gyro module.

5.1.1 Dynarics of the SDF Gyro

' This section develops the dynamics of the SDF gyro to the extent
they are represented in the gyro module. While the dominant character-
istics of the gyro are included in the model other known mechanisms

have been omitted. The following assumptions are implicit in the deri-
vation:

a. The float is perfectly aligned with the gyro case and can
rotate relative to the case only about the output axis. This
implies infinite rotational suspension stiffness.

b. The products of inertia of the float assembly are zero.

¢. The gyro rotor gimbal is perfectly rigid relative to the
float,

d. The gyro rotor is maintalned at a constant angular velocity
even in the presence of angular vibrations.

The development of the gyro dynamics will closely follow that of
Britting (4]). '

A simplified illustration of the SDF gyro is presented in
Figure £-1, where the input, output, and spin (i, o, 8) axes foxm an
orthogonal set fixed to the gyro case. The gyro dynamics are dbtaiped
by applying Newton's second law to the float plus rotor assembly.
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Figure 5~1. Single-degree-~of-freedom gyro.

¥ = (E“t“ ‘-’f)i (5-1)

where

M = torque applied to the fioat assembly ai»u the centex
of mass .
'gf - angular momentum of the float assembly about the

centor of mass

#, wrt inertial space

time derivation of,__f
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The time darivative of g!_f wrt the float is more convenient. The

Coriolis relation gives

d
M, = (dt Ef):ts tue XHe
Expressed in fleoat coordinates (f)

£ . f £
M = Hp v P(upe) u (5-2)

0 -m3 mz ~
F(w) = W, 0 -ml
L ~u, @) 0 J

The objective is to relate the float dynamics to the angular
velocity of the gyro case. Exprassing the angulax velocity of the
float as the angular velocity of the case plug the angule;r'-velociw
of the float wrt the case gives '

2if gﬁc * wff
st ea®)  (5-3)
¢ “ic  =f n _
 where
*‘-":.c = o w0, wl
-5




According to the initial assumptions, the float can rotate relative
to the case only about the output axis; i.e.

c

g {0, Qoo 0} (5-4)

and the principal axes of the float assembly are perfectly aligned with
the (i, o, j) case axes when the float output angle is zero, Thus, the

transformation from case to float is

1 0 =6
Q
f
¢, =10 1 ) {5~6)
|8, O 1 ]

~ - N ~y
ml _t)oms
£ ;é ' : {5=7)
, - _ _ A (S
9i£' mo ‘G :
-,
LYs _ eo“;,

fho angulax momentum of the £loat assembly ic equal to the angular

momentum of the fleat gimbal plus the angular womentuws of the rotor.

- 3 | S
| ﬁ-g - ﬂg + hk.

. . . . .

. € f
- _,Iq_;gh + “R




Since the products of inertia are assumed to be zaro,

- N - - - r -
(Hi I, ﬂui Oows 0
1 l"..
M, I w, + 60 + o (5=8)
b“j - hes IS J hws + eowi.‘ -“-
whaere
H = rotor spin angular momentum

Ii, Io’ Ig = principal float moments of inertia

substituting Bq. (5-7) and (5=8) into

ut o= ot

ME o~ g+ v (52)

gives the following expression for the dynamics about the output axis,

" ]

M, o L0 - Hug ¥ (I, = 1 “"1‘% + 0(1 tb)(w - ug)

.
* LTS
OHw 3 + Iowo (5-9)

The toxque applioed about the output axis, “o' iy agsumad to
conglat of

1. Torgue from tho torque gonorator, Mtg
2. Viscous torquoe opposing cutput axis rotation, Coéo

3. Gyro disturbance toyduea, Md

5«7




That is,

M= Mtg - Ceeo + My (5-10)

Substituting Eq. (5~10) into Eq. (5-9) are rearranging terms gives

+ .
Ioeo Coeo = Hwi + M

- (ideal gyro egquations)

+ (IS - Ii)wiws (anisoinertia torque)

+ e(Is - Ii)(wi - wz) (anisoinertia coupling)

- Gﬂms (cross=-coupling torque)
-Iuw (output axis angular accelera-
00 .
tion)
+ Md (disturbance torque
(5=11)

Rebalance loops arc designed using the ideal gyro equations

Iooo f Cooo § Hmi - Mtg
Since the other terms are ignored, they produce errors in the
indicated angular velocity and must be compensated in the navigation
computer. While analog torguing may be used in low accuracy applications,
pulse torquing is currently used for inertial navigation systems. A
typical rebalance leop is shown in Figure 5-2; eavh output pulse repro-
sents an increment of rotation about the input axis., All of the orror

torques have been lumped into-ua for cenenience.

5-8
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Figure 5-2. Pulse-torquing rebalance loop.
Figure 5-3 shows the rebalance loop mechanized in the gyro module.
Notice that the rebalance torque is generated by multiplying the float
output angle by the linear gains K where
K =

Ksg Xe Keg :

Thus, the gyro module simulates an analog rebalance loop followed by a
delta-modulator to generate the incremental angle output.

2 — wakl
i C 1,85 + €5 + [T g1 —lQUANTIZER| f;

§ = 1+s°+sl({-}eo)

¢ | |
g K K= g+ (g - 1)

- ws) i

K = thKe ng

L e

e

Fiaure 5-3., Simulated analoy rebalance loop.
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The rebalance loop equations are obtained by substituting

= K8
Mo o

o v W s

into Eq. (5~1l) and rearranging terms.

. s 2 2
+ . - - = - -
IOOQ + COGO [Hms + (IS Ii) (ws u)i) + K] eo Hmi Md + (IS Ii)wiws

- I w
Q0

Again, it is convenient to lump all of the error terms into the

distrubance torque Md' This gives

" . 1
{ Ioeo * Coeo * Kleo = Hwi * Md

2 2
Kl = st + (Is - Ii)(ws - wi) + K (5~12)

1 .
+ - -
Md = Md (Is Ii)wiws lcwo

The gyro module allows the ugser to selectively solve for eo in

Eq, (5-12) using one of three models for the rebalance loop:

a. A “performance" model which ignores gyro inertia and gyro
damping; i.a.

1
0 = (Hug + M)/R,

b, o first order differential equations which includes the gyro
damping; i.e.

. 1
Colo ¥ K0, = Huy+ Ny

5-10

e S ey

e ST " 'I'M“."'J" . "‘““‘I""f!




¢. The complete second order representation; i.e.

r.oeo + coeo + xleo = Hmi + Mé

Figure 5-4 shows the effect of approximating the second order dif-
ferential with first and zero order differential equations. Both approx-
imations artificially increase the gain of the rebalance loop at high
frequencies, but the first order approximations is reasonable—it has
negligible effect on the bandwidth of the loop. The zero order approxi-
mation completely eliminates the loop dynamics and thus produces an
infinite bandwidth.

5.1.2 SDF Gyro Module Egquations

The SDF gyro module simulates the three rebalance loops sequentially.
Figure 5-5 shows the data flow for one of the platform axes—the other two
axes are identical. The equations indicated in Figure 5-5 are swummarized

in this section.,

(1) Transformation into Uyro Coordinates

The acceleration, angular rate and derivative of angular rate gen-
erated by the random motion module (ENV) is transformed into gyre (i, o, 8)

coordinates
8 = o’
w = Iy g = {gy, 9, 9,3}

S~11




Lo

oth oRroER

, 1 .
2
los + cos + Kl

9(5) s

2™ oRoER

| A | | |
Ky - , N
- |

0
Figure 5~4. Comparison of rebalance loop approximations.
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J
where CB

ments of Cg are not programmed constants——they are elements in the gyro

is the transformation to (i, o, s) gyro coordinates. The ele-

initialization data set. The gyro input axis misalignment must be in-
corporated into the Cg input data. '

(2) g and g-Squared Drift

The drift generated by the g and g-squared coefficients is ob-

tained by multiplying each coefficient. by the appropriate component of
g

a’.
D = K.,.a, +Ka +Ka +K a? + K, a.a
g i1 oo s s i17i ioio
2
+ K, a,a +K aa +K a
is i's 08 0 8 S5 8
where
A lajoa, a)

%

linear acceleration sensitivity (mass unbalance) for

th

acceleration along the K™ gyro axis

K

m .q-squared sensitivity (compliance) for acceleration along

the j and k gyro axes

(3) Gyro Blas

Tthe gyro bias coefficient DB_repreaents the constant disturbance

torque applied to the float. Typically, there is a shift in this coef-
“ficient each time the system is turned on.
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X (4) Exponentially Correlated Random Drift

Exprnentially correlated random drift is used te describe the

RN Y

. stability of the instrument during periods of continuous operationj
i.e., when there are no power cycles. The amplitude and correlation time

of the random component are obtainad from power spectral density plots

R VT

of instrument test data. The PSD and correlation functions are related
by the transform pair

R

e o e
3

n
€
~

n

&
—
-
~
@

]
[ A
€
A

u
-

S jurt
R(t) 37 S(w) e

-0

dw

T A et e e eyl e T

The correlation function for exponentially correlated random

{ drift is uniquely defined by the amplitude and break frequency of the

: corresponding PSD. Figure 5-6 shows the relations in terms of a gingle-
sided PSD plot which is how most PSD data is displayed.

R(x) (units®) S(u) (unitsé/Hz)
R(x) = o? e"‘*‘/*R
: K
02 @ Kmn
TR = 1/0.)
> ' } —
T 0 W : ‘\__?;

Pigure 56, Autocorrelation function and PSD for
exponentially correlated drift.
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The gyro module simulates an exponentially correlated time series

using

= ‘At/TR 2 - -ZAt/TR . =
DR(n+l) DR(n)e + g (l-e ) WR, DR(O) 0

where

D, = simulated random drift
At = simulation time step -

T, = correlation time

0° = steady state variance of the random drift

W_ = zero mean, unit variance Gaussian sample from the random

number generator

Since the random drift is initiated to zero, the mean square
drift approaches the steady-state variance in an exponential manner,

ogtt) = o2(1 - e 2R

(5) Exponential Turn-On Transient

N “the spurious error torgues generated at turn-on until the thermal
system stabilizes is wodeled as a simple exponential

) "t/TT
DT ] DT(O)AG
" where
DT(D) = ‘initial amplitude of the transient
T '\exponantial‘decay~time constant

Yy
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(6) Anisoinertia and OA Acceleration Torques

The sum of the anisoinertia and output axis acceleration torques

. is
Mw = (Is - Ii)wims - Iowo
where
Ii' Io' Is = principal inertias of the float about (i, o, s)
Wie W = angular velocity of the case about the input and
spin axes
&o = time derivative of the angular rate of the case

about the output axis

{(?) Rebalance lLoop Dynamics

The float output angle 80 may be computed using one of the three
* options shown below.

'PERFORMANCE MODEL

L N

FIRST-ORDER MODEL

"SECGND-ORDER MODEL

5=17
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2 2
Kl ='Bms+ (Is-Ii)(ws-wi) + K
M =H(wi-DB-DR-DT-Dg)+Mw

where

D. = bias drift

DR = exponentially correlated random drift

D_ = turn-on transient
D = g and g-squared sensitive drift
Mw = anisoinertia and OA acceleration torques

This is a direct mechanization of the rebalance loop dynamics shown in
Eq. (5=12). The program defines gyro bias, random drift, g and g-squared
drift with the opposite sign from the normal conventions. The impact of
approximating the rebaiance loop with either the “performance” or first

order models is discussed in Section 5.1.2. The diascrete equations for
each options are: :

{a) Pexformance Model

9°(n+1) = H(n+l)/ﬁ1 '

(b) FPirst Order Model

0(ns1) = 0_(n) + El;‘ (-K,0_ () + M{n+D)]At

Oo(o) - 3mi(o)/K

5-18




(c) Second=Order Model

6°(n+l) = Go(n) + eo(n) t

. 1 .
e°(n+1) = eo(n) + E; [~C°eo(n) - Kleo(n) + M(n+l)] T

Boco) = 0

Qo(o) = Hmi(o)/x

(8) . Toxquer Scale Factox

The torquer scale factor consists of a linear term plus a temm
proportional to input angular rate.

S = [l+50+ Sl(mi))

» [1+50+ sl[(f:« oo)]

Tha scale factor caefficients may have different values for sositive
and nagative anqular rates. The scale-factor equations are: '

L ( 90)] 6 20

(=) *Slm (ﬁ‘a "J 8 < O

S [.!. +:.O

“{¢)

, + 5

S

.4

@ @ [rese

“whoere

50 (4 * Sogn) pgggggv?,$$§.uaga§ive linear scale factors

pasie;va arg usgttiva xata ﬂLhS&ﬁiVﬂ‘E»&le
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(9)

by the

Angular Quantization

The pulse generatuor computes the number of output pulses produced
output angle eo plus the stored angle residual.

0 = 0_(n+l) + 0 _(n) 0_(0) =0
K
L0208 = 1450+l (5 )

@< - 1+so, +s1 (£

n = Integer S

0 : gs

éo = qsny

0, (n+1) = 8- 0

60 =  guantized indication of flrat output angle
00 ' = float output angle |

er L] qx__xantiaed angle :::asiéual

S = :scalg factoyr

q .ﬂ‘ Aﬁo qugnhizatiun’lﬁvai':

g ] nugba§ of Ado pulses
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The output pulses are then converted into an indication of the
angular rotations about the input axis of the gyro. The output angle

is a direct indicetion of the angular velocity.

K ~173
wi - H S 0o

™ -‘S-qn
H *6

Thus, the measured rotations about the input axis is

66i - wiAh
K
- qne m At
AOi @ 2601

The navigation equations resot Aﬂi to zoro each time the platform attitude
matrix ls computed.

5.1.3 SbF Gyro Compensation

The SDF gyro compansatior modulo (GCOMP) computes the compensation
for the following error gources:

o Gyro input axis misalignmont.

o Scale factor erxvor (positivo and negative).

¢ Scale factor rate sensitivity (positive and noygative).
e Bias drift.

e g and ge-squarod sensitive drifi.

¢ anilsolnoxtia torguo.

e Output axis acceloration torgque.

A flow diayram of the componsation wodule is shown in Filgure 5-7.
The compensation eguations for each platform axis arve summarized bolow,
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(1) Scale-Factor Compensation

The incremental platform rotations about each gyro input axis
are compensated for linear and rate sensitive scale factors. Separate

scale factors for positive and negative angular rates are provided.

i
S = 1+ + —=
0w * 5w 88,20
Aei
S = 1+ 50 + S1 —_— . <0
(- -) Bt a8
where
SO(+), SO(_) = positive and negative linear scale factors
Sl(+), 81(_) positive and negative rate sensitive scale factors
(2) g and g-squared Sensitive Drift Compensation

The compensated incremental velocities from the accelerometers

are transformed into gyro (i, o, s) coordinates.

aw? = 3 ah .

where

{Avi, Avo, Avs} of Kth gyro

>
<
I

Av = compensated accelerometer osutputs

t
transcformation from body to the K h gyro

Q
o
L]
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The drift produced by the acceleration sensitive coefficients is
ew, = =(K.a, +Ka +Ka)
i i'i oo s s

2 2
-{K,.a, + K, a, + K, . +
{ ii o a K sa a K aa + K a’)

1 10 2 O 1s 1 s 0SS O s SS s

The pregram computes corrections to the incremental rotation

about the gyro input axis.
86 = K Av, + K Av_ + K Av
g 1 i o o s s
2 2
+(K, . Av, + K, Av_,Av_ + K, AV_,Av_+ K_Av Av + K AV ) /At
iiv i io" 'i" o is i s os o s ss s

where KK and Kjk are the compensation cocfficients.

KK = linear acceleration sensitivity for acceleration along
the Kth gyro axis
Kjk = acceleration sensitivity for accelerations along the
j and k gyro axes
(3) Gyro Bias Compensation N

Gyro bias produces a constant error in indicated angular rate

along the gyro input axis.

]
]
o

EWw
The bias compensation is

GOB = DBAt
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(4) Anisoinertia Torque Compensation

Anisoinertia torque produces the angular rate error
1
Sw, = = -
i H (Is Ii)wiws

The anisoinertia torque compensation is

1
60, = - = - A6
A m (Is Ii)Aei s/’At
where
H = rotor spin angular momentum
Ii' Is = principal moments of inertia
(5) OR Acceleration Torque Compensation

Output axis acceleration torque produces the angular rate error

Gw, = --I-L:)
i H o
The OA acceleration compensation is
Io v
86 = — -
oA A Meo(n+l) Aeo(n)l/At

where

A8 = incremental rotations about the output axis

-
[

float inertia about the output axis

=
L]

rotor spin angular momentum
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(6) Total Gyro Compensation

The compensated rotation about the gyro input axis is

/ =
Aei.comp) S(Aei) + (66B + 669 + GGI + GGOA)

where

S = scale factor compensation

GGB

ceg = ¢ and g-squared compensation

bias compensation

fl

GGI

GGOA

anisoinertia torque compensation

fi

OA acceleration compensation

The three compensated gyro outputs are then transformed from

the gyro input axes to body coordinates.

where

’AQ? =  compensated gyro outputs along the three gyro input axes
- . .
cg @ (nonorthogonal) transformation from the gyro input axis

to body coordinates

The transformation matrix Cg is labeled QMIS in the program. The
elements of this matrix must be consistent with the rotation matrices ‘
which specify the (i,-o. s) axes of each gyro relative to body coordinates.
These rotation matrices are laboled QGBX, QGBY, and QGB2Z. All of the
. matrices arc obtained from the initialization dataset for the compensation

~modula.
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5.2 LASER GYRO MODULE

The laser gyro module (GYROS) simulates three body mounted gyros
plus their incremental angle detectors. The laser gyro model contains
the following error sources:

® Gyro input axis misalignment.
e Scale factor error.

e Scale factor turn-on transient,
e Gyro bias drift.

¢ Turn-on transient drift.

e Angular random walk.

e White angular noise.

e Angulayr quantization,

The model of the laser gyro is discussed in Section 5.2.1, Section 5.2.2
deseribes the mechanization of the laser gyro module (GYRGS) and
Section 5.2.3 describes laser compensation module {GCOMP).

5.2.1 Principles of Operation and Model of the Lager Gyro

this section develops the principles of operation and other
gsalient éharavteriatics of the ring laser gyro, a recent development
in optical technoloygy which shows promise of replacing many conventional
inertial gyros. These principles lead, in turn, to the model imple- '
mented in this module for simulating the performance of these styap-
down laser gyros. -

The lasey gyro is basically a laser that has(three or more ré-
flectors arranged to enclose an area. These threé'ﬁirrora. in con-
junction with the light-amplifying material in the laser path, com-
prise two optical oscillators--ovne that has energy traveling clockwise,
and one that has energy traveling counterclockwise around the same path.’
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The optical length of the path they travel determines the frequencies

at which these oscillations operate. When the enclosed ring is rotated
in inertial space, the clockwise and counterclockwise paths have effec-
tively different lengthgs. The path difference in these two directions
causes the two oscillators to operate at different frequencies, and

this difference is proportional to the rate at which the ring is rotating,
The readout of the laser gyro is then accomplished by monitoring the

frequency difference between the two lasers.,

The foundation of laser gyro technology is the description of the
phenomenon by which the path around the ring can be different for ob-
servers (photons) traveling with the direction of rotatién than for ob-
servers traveling against the direction of rotation. In accordance with
the principles of general relativity, two observers, traveling around a
closed path that is rotating in inertial space, will find that their
clocks are not in synchronization when they return to the starting point
(traveling once around the path, but in opposite directions). The ob-
server traveling in the direction of rotation will experience a small
increase, and the observer traveling in the opposite direction will
exporience a small decrease in clock time. The difference in tho read-
ings of these clocks depends upon the inertial rotation rate, the area
enclosed by thoe path, and the speed of light. Since the laser gyro -uses
‘photons, traveling at the speed of light, for cobservers, the time dif-
ference appoars as an apparent length change in the two paths aqual to
the observers' veloeity timos their time difference. Accordingly, even
though both observers traverse an identical physical path, thoy sce an
~ apparent length change which is proportional to the onclosed arca of
| the path and its rotacion rate in inertial space. ’

The fundamental boundary condition governing the gperation of the
laser gyro is that the laser wavelength A must be equal to an integer
function of the optical length L around the cavity. That is

R Y 1y
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where N is a large integer typically in the range of 105 to 106. A
length change of AL will cause a wavelength change of

AA = AL/N (2)

The corresponding frequency change, by logarithmic differentiation,
is given as

T ST 3)

Accordingly, given small length differences AL and reasonable

cavity lengths L, the operating frequency should be as high as possible.

The relationship between inertial input rate § and apparent length
change AL can easily be shown to be

AL = - (4)

where A and C represent the enclosed area and the speed of light,
vegpectively.

'v Thus, the equation relating 0 to Af, in terms of gyro size and
wavelength, is determined by substituting £q. (4) into Eg. (3), yielding

an - :
w .

Af =
This represents the ideal laser gyro eguation, but fails to ‘
accowit fox the thres principal error sources effecting the operation
of all laser gyros. In descending order of importance, they are:
lock~in, null shift, and mode pulling. '
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Lock-in arises due to the mutual coupling between the oppositely
directed traveling waves and has been the focus for most of the effort
to eliminate the laser gyro's error sources. When the rotation rate
is reduced below some critical value (called the lock-in threshold),
the frequency difference between the oppositely traveling waves syn-
chronizes to a common value. Thus, for rotation rates below the lock-

in threshold, the laser gyro is unresponsive to rotations.

The principal method employed to minimize the effect of lock-in
is to bias the laser gyro with an artificial input rotation such that
2exo inertial rotation rate corresponds to a point exterior to the locked
region. As a result, the system operates at all times with a differential
path and a frequency difference with respect to the oppositely traveling
beams. Such a bias can be introduced by any technique which introduces
an anisotropy in the index of refraction, again with respect to the
oppositely directed beams, and is cowmmonly effected by either mechanical
or optical means. In turn, each of these general techniques can be em-
ployed in two ways: by holding the bias fixed, measuring the input rate
or angle, and observing differences in the lagser gyro output rate due
to the input rate, or by introducing a negative-to-positive alternating
blas,

Due to a reduction in the requiremonts on tae absolute stability
of the magnitude of the bias, alternating bias techniques ave genorally
- omployaed. The idea bohind this wiethod is to minimize tho (switching)
time that the lasex sponds in the locked region. Since the laser gyro
is basically an integrating rate instrument, only the net rotation ap=
pears in the output. . The basie premise in the altornating bias technique
is that the bias is porfectly symmetrical. Thus. the lasor is allowed
to remain unlocked over most of the “dither" cycle, and hence tho gyro

is responsive to any nonzero input vate.
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The error generated when the laser gyro is biased by a sinu-
soidal dither, at a rate several orders of magnitude greater than the
lock-in rate, is characterized by a one-dimensional, random-walk pro-
cess. Although the mean or expected error is zero, the root mean square
error is not and is given by

K92

L
4nnD

ms error (t) t arcsec (6)

where
K = gyro scale factor (arcsec/count)
t = time (s)
8 = lock~in threshold (deg/h = arcsec/s)

, = poak dither rate (deg/h = arcsec/s)

Numerical values arxe a function of the gyro size aund operative parameters.
As an example, the Honeywell GG/1300 laser gyro (5.7 inch, visible) has
X » 1.5 arcsec/count, a, typically 0.5 deg/s (1800 deg/h), and

nD w 3,77 % 105 deg/h (amplitude of 400 arcseconds at a freguency of

150 Hz). Accordingly, for this particular instrument

s exror (t) = 1.01 t¥2 arosec-

In addition to any exroxs inherent in the laser gyro, thore is additional
uncertainty associated with the sampling process.

with regard to other error sources, a null shift {bias) is intro-

duced into the cutput of the lager gyxo by any offect—exclusivo of iner-
- eial rotation rates—which makes the clockwise optical path leagth differ~
ent from the counterelockvise,path,1engmh; Those effects arise from the .
anisotropy (nonreciprocation) of the optical parameters within the cavity |
| with respect to radiatiqn traveling in two directions and cause a shift

of the beat frequency (output) versus rotation rate ideal curve, -Unleas

“the gyro is properly designed, null-shift errors can be oxdexs of magni-
" tude greater than input rates. ) ‘ '
| | 5-31




On the other hand, mode pulling, more correctly known as anomalous
dispersion correction, is a phenomenon which causes variations in the gyro
scale factor. The difficulty in maintaining scale factor accuracy does
not lie in the geometric dimensions, but rather in the index of refraction.
The anomalous dispersion due to the atomic transitions in the lasing
medium creates a gain-dependent correction to the scale factor which is a

strong function of the operating characteristics of the laser.

5.2.2 Laser Gyro Model Equations

The laser gyro module (GYROS) simulates three strapped-down laser
gyros. The gyro module computations are shown in Figure 5-8. Tke equa~
tions are summarized in this section. The equations for each platform

axis are identical,

(1) Scale-Factoy Tarn-On Transient

The gyro scals factor consists of a bias plus an initial turn-on
transient, The turn-on transient is modeled as a simple exponential

~ function.

"'t/Ts
Sp = Spl0e 7

whore

’ $,(0) = initial scale factor transient amplitudo

tg exponential transient time consvant

Al

(2) Scale-Factor and Gyro IA Misaligument

The three gyro input axes are aligned with the body axes exvept
‘for the gyro misalignment angles which are relatively small. The
transformation fxom body to gyro IA axes is.

\g' . i
B = I+ Gcbr

The program conbines the gyro input axis uisaligiments with the total
scale factor errors. '
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The elements on the main diagonal are total scale factor error.

= 9 + &8
] So ¥ &g

s = constant scale factor error

S,, = exponential turn-on transient-

The off-diagonal elements ave the input axis misalignments,

Vij = misalignment of the ith’gyro input axis about the jth
platform axis '

the laser gyro module obtains the values of the xw clomonts from '.AA»j fgi
the module initialization file, The Kij elomonts ave spcﬂificd divectly
rathor than the values fox seale factovr and 1A wisaliguments., The alo-
ments on the main diagonmal are the values ef'éonscant scale factor erxor.

»

R,y = ,So {ppw)

the off-diagonal elemonts correspond to the input axis misali9n~

e s g e ate s

ments excopt for sign.

K,. =

9 " W {microxad) _ , .

The program then adds the svale-factor transients to the wain

diagonal elements to form the complete rate sensitive matrix.

 Ge34
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(3)  Gyro Bias

The ayro bias DB produces a constant error in the indicated angu-
lar velocity along the gyro's input axis. Typically there is a shift

in this coefficient each time the system is turned on.

(4) Exponential Drift Turn-On Transient

The turn-on drift transient is modeled as a simple exponential.

D, = b, (0)e™ /D
where
DT(O) = jnitial amplitude of the drift transient
T = exponential transient time constant

(5) White Angular Noise

The measured angular rotation about the gyro input axis is corrupted
by angular random walk and angular noise which is essentially uncorrelated

with time. That is, the correlation function of the noise is

2 e""Tl/Tu

RN(T) = 0y

where ™ is of the order of several milliseconds or less. The program
approximates the noise process as discrete white noise since the correla-
tion time is substantially smaller than the simulation time step. The

discrete white noise model is

GOWN(n+1) = g W

where

[+
]

variance of the noisc

W = zoro mean, unit variance Gaussian sample from the random

number gencrator

n
¢
“
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\6) Angular Random Walk

The amplitude of a random walk process is obtained from its power

spectral density or by measuring its mean square growth rate as illustrated
in Figure 5.9.

The random walk process is simulated using the gifference equations

- 2 1/2
GeRw(n+1? = GeRw(n) + (onAt) wn
where

ow amplitude of the random walk process

At = simulation time step

W = zero mean, unit variance sample from the random number

generator

S(w) (unitsz/Hz)

2)

X2 (units

S(uk = Zcéw/ o?

-
t

figure 5-9. Mean square growth rate and PSD for random walk
| process.

orme T
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(7)  Measured Rotation Angle

The total measured rotation angle Bi about the gyro input axis is

B
= +
w (I + KJuw o+ Dy + D
., = + +
8 wlt GBWN GGRW
where
B
Yrp = angular rate of the body in body coordinates

gyrc scale factor and IA misalignment matrix

e

DB = gyro bias

DT = turn-on drift transient
SeWN = angular white noise
GeRw = angular random walk

At = gimulation time step

(8) Quantized Output Angle

The pulse generator computes the number of output pulses produced
by the continuous angle ei plus the stored angle residual. The output
pulses are then converted into a quantized indication of angular rotation

Aei about the input axis of the gyro.

8 = ei(n+l) + R(n)
ng = Integer (6/q)
GBi = dqng

R{n+l) = 0 - qn6
Aei(n+1) = Aei(n) + qne
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where

i continuous indication of rotation about gyro input axis
R = quantized angle residual

ng = nunber of pulses

e et AT LA

Aei = quantized indication of rotation about input axis

q = angular quantization

The navigation equations reset Aei to zeroc each time the platform attitude
matrix is computed.

5.2.3 Laser Gyro Compensation

The laser gyrc compensation module (HCOMP) accepts incremental
A6 rotations from the gyros and produces compensated A@ rotations in

X body coordinates. The compensation module computes the compensation
for the following error sources:

® Gyro input~-axis misalignment
e Scale-factor error

@ Scale-factor turn~on transient

e e P ST\ bt e ¢ e

; e Gyro-bias drift
§ e Turn-on transient drift

The indicated angular rate when scale-factor errors, IA misalignments,
and gyro drifts are present is

B
w = ()]
i (T +K) W +D. +D,

5-38




where
KW = gyro scale factor and IA misalignment matrix
KB = gyro bias
DT = turn~on transient drift

The estimate of platform angular rate given Ei and estimates of the

error parameters are

b N
Gy = (T+KD ™S (@ - Dy - D)

2
GRS EENELRCe

Since the output of the strapdown gyrus is incremental rotation
angle Aei instead of angular rate, the compensation is

60 = A-Qi' @B+9_T)At

28, = 68 = (K350

where
Aoc = compensated incremental rotation in body coordinates.
A©, = incremental rotation obtained from the gyros.
D = gyro bias compensation.
D = turn-on transient drift compensation.
Kw = ggale-factor and IA misalignment compensation.

At = platform attitude matrix update interval.
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The off-diagonal elements contain the compensation for gyro input-
axis misalignment. As in the laser gyro simulation, the elements of
Kw are specified directly in the compensation module input data file

rather than specifying the scale-factor values and the misalignment

angles
Kig T 5o (ppm)
= 3
Kij a7 (microrad)
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. (1) Exponential Turn-on Drift Transient

A simple exponential is used to compensate the turn-on drift

R T S T R A T R IO

% - transient.
i
v -t/t
i =
% DT DT(O) d 0
where
DT(O) = initial compensation amplitude.
T = exponential transient time constant.

{2) Scale~Factoxr Turn-On Transient

The compensation for the scale-factor transient is the exponen-
tial function

- -t/
'r r(0) ©

where

ST(O) = i{nitial compensation aplitude.
Ts = gxponential transient time constant.

The elements on the main diagonal of the xw matrix contain the
total scale-factor compensation

. Kii = SO + ST
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SECTION 6

ACCELEROMETER MODELS AND CCMPENSATION

The program simulates three body mounted SDF pendulous acceler~
ometers including the change in specific force between the accelerometer
locations and a specified location in the vehicle. The accelerometer

compensation module contains compensation for the lever-arm effects.

6.1 Accelerometer Module

The accelerometer module (ACCEL) simulates three strapped-down.,
SDF , pendulous, floated accelerometers plus accelerometer lever-arm
effects. The output of the module is incremental velocity in accelero-
meter coordinates. The SDF pendulous accelerometer contains numerous
.error sources in strapdown environments due to the high angular rates
which are present. Only the most dominant of these error terms - aniso-
inertia and output = axis accelerations - are included in the accelero-
meter model. Float suspension, float misalignment, and products of

inertia are ignored. The SDF acceleromecer model contains the following

error sources:

lever-arm effects

anisoinertia

output-~axis acceleration

accelerometer input~axis misalignment
scale-factor error (Both positive and negative)

scale-factor rate sensitivity (both positive and negative)

accelerometer bias



® exponentially corielated accelerometer noise
® ¢ and g-squared coefficients
® quantization

The program allows tha user to specify one of three models for

the accelerometer rebalance loop:

(a) A "performance" model which ignores accelerometer float

inertia and accelercmeter damping.

(b) A first-order differential equation model which contains

the accelerometer damping.

(c) A second-order differential equation model which contains

both accelerometer damping and inertia.

The validity of these approximations was examined previously for
the SDF gyro in Section 5.1.2. The zero-order and first-order approxi-
mation artifically increase the gain of the accelerometer .ebalance loop
at high frequencies. The first-order approximation is reasonable because
it has negligible effect on the bandwidth of the loop (see Figure 5-4),
The zevo-order "performance" model completely eliminates the loop
dynamics, and thus produces an infinite bandwidth.

»Sactioﬁ 6.1.1 derives the equations describing the dynamics of
the SDF pendulous accelerometer, The torque-rebalance loop is then
constructed using the dynamics of the instrument about its output axis,
Section 6,1.2 describes the mechanlzation of the accelerometer medule.
The acceleromater compensation. is discussed in Section 6.1,.3,

6.1.1 Dynamics of the SDF Pendulous Accelerometer

The SDF floated pendrlous accelerometer contains a pendulous mass
housed in a gimbal which is floated and damped in a viscous neutral
buoyancy fluid. The unbalanced float makes the instrument sensitive to
linear accelerations. The motion of the float about the output axis is
a direct indication of specific force along the input axis of the
instrument, Thus, the instrument may be visualized as a SDF gyro with

6=-2
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the rotor replaced with a pendulous wass. Figure 6=1 is a simplified
sketch of the device. The instrument coorxrdinates are called the input,
output and pendulous (i, o, p) axes.

s/

PENDULOUS
AXIS (p)

INPUT
AXIS (i)

STGNAL
GENERATOR ~

TORQUE
GENERATOR

- ouTPUT
AXIS (o)

Figure 6-1. SDF pendulous accelerometer,
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This section develops the dynamics of the SDF pendulous acceler~
ometer to the extent they are represented in the accelerometer module,
While the dominant characteristics of the instrument are included in the
model, other known mechanisms have been emitted. The following assump-
tions are implicit in the derivation:

{(a) The float is perfectly aligned with the accelerometer
case and can rotate relative to the case only agbout the
output axis. This implies infinite rotational suspension
stiffness,

(b) The products of inertia of the float assembly {(gimbal with
pendulous unbalance) are zero.

The development of the accelerometexr dynamics will closely follow
the development in Section 5.1.1 for the single~degree-of~freedom gyro,
This approach allows the two types of instruments to be readily compared.
The dynamics of the accelerometer are obtained by applying Newton's
second law to the float assembly. While gvros are desigrad to be
perfectly balanced about the output axis, this is not true for the
pendulous accelerometer. A known unbalance ils deliberately designed
into the float. The ancelerometer dynamios are obtained by taking
moments about point (0) in Pigure 6«1, DYoint (0) is fixed in the float
and 1ics at the origin cf the float (i, o, D) coordinate system.

(& 4 4 B
E'1'1:’0 * \dt 5-fo]:*‘mdt:--x:o ol TN - (6=1)
whoery
ﬂfo =  torcuo applied to the float assembly about point (Q).
Heo © angular momentum of the float assembly about point (0).
m = mass of the float assembly.
Eo = posgition of point (0).
£ = position vector from point (0) to the center of mass.
d \
(agﬂfo) o time derivative of He, wet inertial space.

i
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Since point {0} is fixed in the float, the angular momentum
about point (o) is

d
= W - [ — mr -
—Hfo Io —-i£ (dt S )I x (6-2)

Substituting Eg. (6-2) into Eq. (6~1) gives

The torque applied to the float consists of mass attraction torque plus
other mechanisms.

] 2
Meo = -_tgfo-bm_x;_ag_mr

Thus, the reaction to the nongravitational torques is

d g’
M o e w - v m *
Beo odt (xcz—é.f)I (dtz -o) Q| * P

s St w - .‘ . ' ' -
dt.(Io-if)I a % wr {6-3)

where a is the specific foreo. It is more convenient to work with the
time derivative with respect to the float. 'r_he'chriolis relation gives

o = e (1 (%)
gfo T Iolzf)f*zifx I':) ig) YREx 2
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The inertia matrix is constant because point (o) is fixed in the
float assembly. Expressed in float coordinates (£},

o - i

f F £, £
Mo Towe + Flu (I W) + wP{zr)a (6~4)

where F(.) is the matrix reprssentation of the vector product operator.

Flw) = W 0 -

A T

The objective is to express the float dynamics in terms of the
angular velocity and specific force in case coordinates, Expressing
the angulag velocity of the float as the angular velocity of the case
plus the angular velocity of the £loat with raspect to the case gives

£ £
e " Yot
o cf W' va®) (69
v e =ef S »
where
[ o4 .
Yo ™ {w, » g ""p],

Aocordinig to the initial asswumptions, the f£flost can rotate rela-
tive to the case only about the output axis; i.o., '

e
[&}]

"(}f = (00 eol 0) ‘ - ‘5‘6)
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and the principal axes cf the float assew.ly are perfectly aligned with

the (i, o, p) case axes when the float output angle is zero. Thus, the
transformaticn from case to flecat is

1 o0 -8
. [o]
£
c.c =]o 1 o (6=7)
6, © 1~

The angular velocity of the float in float coorxdinates is

=), = O W
op

l .
woowlw o+ 0 ' | (6-8)
~-if _ (> 0 )

RIS

i o'p
£ . f e — g _ .,
a = Lag o f’o' 7 ;(6 9)_
;ap > Sqai_

Substituting Bq. {6~8) .and Eq. '(6-:9). Lito
of e L € £ I A 4 :
e Lt rpuy canha’ e

gives the following expression for the dynamics about the output axis.
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o ) 2 2
Mb = Ioeo + (Ii - Ip)wiwp + eo(Ii Ip)(wi - wp)
+ Iowo - mrpai + eomrpap (6-10)

The output axis equation was derived assuming the products of

inertia are zero; i.e.,

I 0 0]
i,
I =]0 1 O
[o) o
-0 1
: P
. -

and the pendulous masénlies_aloug'the uegati&é~(p) axis

£ .
£ = {o, 9! 'z,‘p}‘

The pooduct mrp is callad the pendulosity.

The torque applied about the output axis, Mo, is assumed to

conslst of

(a) Torgue from Cthe torgue generator, th.

{b) vViscous toxque opposing the output axis rotation, Coéo'

(c) Gyro disturbance torgues, Hd.
That is;

My = M- coio + My (6~11)
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Substituting Eq. (6-1l) into Egq. (6-10) and rearranging terms gives

1 + C 8 = Pai + Mtg (ideal accelerometer)

+ (Ip - Ii)ukub (anisoinertia torgue)

2 2 . .
+ eo(Ip - Ii)(uk - ub) (anisoinertia coupling)

L

- Ioug (output-axis angular acceleration)
- eoPap {cross-coupling torque)
o+ My (disturbance torques)

{6=12)

The ancelarometsr rebalance loop is designed using the ideal acceler-

ometex equacion

Since the other terins are ignored, thay produce errors in the
indicated specific force and must be compernsated in the navigation com=-
puter, Current inertial navigation systéams use digital acceleroseter
rebalance loops. A typical digital loop is shown in Figure 6-2, Each
output pulse represents an increment of velocity (integral of specific
force) alony the input axis. All the erroer torques have been lumped

into Md for convenlance.

The rebalance loop machanized in the acceleromater module is
shown in FPigure 6-3. “he rebalance torgque is generxated by multiplying

the float output angle by the linear gain K where

Kag Keg

Thus, the program simulates an analog rebalance loop followed by a
dolta-modulator to generate the incremental velocity output.
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SIGNAL

GENERATOR
P 1/¢, o avy
—=! P 1 - ng —»{ DIGITAL | ] _ES_ g
s(E_Q. S +1) ELECTRONICS
)
TORQUE GENERATOR
th | <
Figure 6-2. Pulse-torquing accelerometer rebalance loop.
K N
a,l ] eo 1 . ] AV,‘
=1 ° 2 C ok [ 1] § [ WATIZER e 5 [
+ o} __.0 . 0
=. , X
S 1 +So+s](p-e°)
Meg 2 2
K = Ky = Pag+ (Ip - I.l)(mp - wy)

Figure 6-3, Simulated analog accelerometer rebalance loop.
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The rebalance loop equations are obtained by substituting

Mtg = -KOO

into Eq. (6~12) and rearranging terms,
1Y +cbd o+ pa + (I - 1) - uwd
oo oo P P it p i

+ = - -
Kleo Pai Mg (Ip Ii)ukug 10&5

Again, it is convenient to lump all of the sensor errors into the
disturbance torque Mdo This gives

I8 + COGO + K

] = Pa, + M!
00 ) i

bt d

2
K, = Pap + (Ip - Ii"“ﬁ - uf) + K

¢ - Www -1
My o= Mg+ (Ip )W )y = T,

(6-13)

The acceleromater module allows the user to selectively solve for

eo in Eq. (6-13) using one of three models for the rebalance loops

{a) A “performance® wodel which ignores float inertia
and danping; i.e.3
(] ]
Bo = (Pai + Md)/}\1
{b) A first-order differential equation which includes the
accalerometer damping; i.o.,
COOO + K

- 4
0o Pai + M

1 d
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{c) The complete second-order model; i.e.,

.o .

[ = )
IOGO + (.090 + Kl o Pai + Md

The effect of using the zero-order or first-order approximations
has been discussed, but to reiterate - while the first-order model is
reasonable the "performance" model produces an infinite rebalance loop
bandwidth.

6.1.2 Accelsrometer Module Equations

The accelerometer module simulates the three accelerometer
rebalance loops sequentially. Figure 6-4 shows the computations for
one platform axis. The computations for each of the axes are identical.

The equations indicated in Fiqgure 6-4 are summarized in this section,

(1) lever-Arm Effects

The displacement of each accelerometer from the vehicle reference
location is specified in the accelerometey module input data file. The
lever arm is specified in body coordinates. The displacement of the
accelerometer from the reference location changes the output of the
inastruwsent. The change in specific force van be derived from
Figute 6+5.

the spocific force at the accelorometer location expressed in

body coordinates is

2 »
ﬂi'ﬁ*(f;r)

b . b b, .+ b
= gyt x (X 2) i xy

b *h
+r 4 2£Eb X X

6=-12
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ACCELEROMETER

Figure 6=5, Geometry of the leverzarm effect.

The first and second derivatives of r are zero because the lever
arm is assumed to be £ixed in the body. Thus, for a rigid lever arm,
the specific force at the accelerometer location is equal to the specific
force at the reference location plus the centreopital and tangaential
acceleoration produced by vehicle angular wmotion.

b b, b _,b _ b b b _
Za T Gty Xl X ED Gy XX (6-14)

The program mechanizes Eq. (6-14).

{2) Trang formation into Accoleromcter Cooxdinates

The specific force, angular veloeity, and derivative of angular
velocity gonerated by the random motion module (ENV) are transformed
into accelerowmeter (i, o, p) coordinates.
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where cbl is the transformation to (i, o, p) coordinates of the i
A‘

th

accelerometer. The elements of Cb1 are not programmed constants—they
are specified by the accelerometer initialization data set. The A
. \ i
accelerometer input-axis misalignment must be incorporated into the Cb

input data.

{3) g and g-Squared Coefficients

The accelerometer error generated by the g and g=squared coeffigi-
ents is obtainﬁd by multiplying oach coefficient by the appropriate
component of a i

a = Ka +Ka +K 2 + K, aa
-g 00 PP 11 i o i o

a,a + K aa +K az

Kip®i% * Koplop * Kppp

where

a” = la,a. ap}.

Kk = linear acceleration sensitivity for acceleration

&
along the kt“ acceleromater axis,

Kjk = g-gguared sensitivity (compliance) for acceleration

along the j and Kk accelerometer axes,

6=-15 .




(4) Accelerometer Bias

The accelerometer bias B represents the constant disturbance
torque applied to the accelerometer float. Typically, there is some

shift in this coefficient each time the system is turned cn.

{5) Exponentially Correlated Random Noise

Exponentially correlated random accelerometer noise is used to
describe the stability of the following turn-on. The amplitude and
correlation time are obtained from power spectral density plots of
instrument test data. Thetwo parameters are uniquely defined by the
amplitude and break frequency of the PSD. Figure 6~6 shows the required
relations., A more detailed discussion of an exponentially rorrelated

random procesé is presented in Section 5.1.3(4).

R(x)  (UNITS) S(w)  (UNITSS/Hz)
Yy
R(x) = ofe AT

Figure 6-6. Autocorrelation function and PSD for
exponentially correlated random noise.
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The accelerometer module simulates an exponentially correlated

time series using

-At/rR 2 -2At/'rR
a_{n +1) = aR(n)e + /o (1 -e Wn; aR(o) =0

R
where
ap = simulated random accelerometer noise,
At = simulation time step,.
TR ® correlation time,
02 = steady-state variance of the randow process.
w, © Zero-mean, unite~variance gaussian sawple from the
random-number generator,
Since the yrandom prozess is initialized to zero, the moan squars
. value approachos the stoady-state variance in an exponential wanner.
“2"./"
as (t) = 02(1 - e <R)
R .
(6) Anisoinertia and OA Accoleration Torgues
The suim of tho anisoinartia and output-axis acceleration torgques
is
ta - - o
ﬂv (Ip Ii) “ﬁ“ﬁ Io“%
where

Ii' Io' I = principal inertias of the float about (i, o, p).

W, W » angular velocity of the case about the input
and spin axos.
&\0 = time derivative of the angular velocity of the

case about the output axis.
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(7 Rebalance loop Dynamics

The float output angle eo may be computed using one of the three
options shown below,
I 'e' +CH_ +K
QO 00

lec>== M

———d
PERFORMANCE MONEL

| )
FIRST-ORDER MODEL

L— J
SECOND-ORDER MODEL

.2 2
K, = Pa ¢ (Ip Ii)un wi) + K

1 P p
H = P(a.\1-x:i-ennﬁatq)+Mw

i

where

o
1

acceleromatoer bias.

a_, w eoexponentially correlated acceleromcter noiso.

4

¢ and g-squaved sengsitive exror.

N « apnisoinertia and output—-axis accoleration torques,

This is a direct xochanizati m of the rebalance loop dynamics
shown in Eq. (6-13), Tho impact of approximating the rebalance loop
with either the “performance® or first-order models is discussed in
Saction 6.1. The discrete equations for each option are:

6-18
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(a) Performance Model

eo(n +1) = M+ /K

(b) PFirst-Order Model

!

1
Go(n + 1) eo(n) + ~—[-K160(n} + M(n + 1))At

c
0

H]

Bo(o) Pai(o)/x

(c) Second-Order Model

Bo(n +1) = So(n) + Oo(n) T

- . 1 - .

Go(n +1) = Go(n) + E;-[-Cooo(nl - hlﬁo(n) + H(n + 1))4t
éo(o) s 0
Go(o) " Pai(o)/K

The program defines acceloromoter bias, randol accelewmaterw
noise, and the v and q-squaéaa errors with the opposite sign from the

normal convention,

{8) Scale Factor

The program uses the following definition for accelexoReter

scale factor:

wihere a, is the actual specifiv force and gi is the accoleromotey vutput;
'i.e.. an inerwase in accelerometer scale factor decreases the sagnitude
of the accelerometer output, The scale factor consists of a’lim&a;-term.
plus a term proportiocnal to he specific-force; ‘ -

Ge19
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S = ([l + 80+ Slai]

K
= [1 + S0 + 81 (;90)]

The scale-factor coefficients may have different values for positive and

negative values of specific force. The scale-factor eguations are:

K
S = 1480, +5l,,(58) 0 >0
5 = 1+ 80 + s1 (5 6) 8 <0
(=) (=)'P o o
whera
SO(+), SO(_) = positive and negative linear scale factors,
Sl(+), Sl(_) = positive and negative rate sensitive scale factors.

(9) Velocity Quantization

The pulse generator computes the number of output pulses produced

by the output angle 60 plus the stored angle residual.
8 = eo(n + 1) + GR(n) GR(O) m 0

& g

If (6 >0) S =1+ 80 ) 7

(+) + 851

I£ (820) S=1+80 _, +5l_ (56

(=) P

0
ny = Integer (qs)

6

%; f an

Opln + 1) = 6 - ?io

6=-20




where

@
[}

o quantized indication of float output angle,

0 = float output angle.

o

OR = quantized angle residual.
S = scale factor.

q = ABO quantization level.

n = number of Aeo pulses.

The output pulses are then converted into an indication of the
change in velocity (integral of specific force) along the input axis of

the accelerometer. The output angle is a direct indication of specific

force.,

K =17
pS 9%

=§-n
p 1y

Thus, the integral of the specific force along the accelerometer input

axis over the simulation time step is

5 n
Vi = aiAt

K
7 qneAt
The accumulated incremental velocity is

Avi = ZGvi

The navigation equations reset Avi to zero each time the incremental

velocity is transformed through the platform attitude matrix.
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6.1.3 Acceleromater Compensation

The accelerometer compensation module (ACOMP) accepts incremental
velocity from the simulated SDF pendulous accelerometers and produces

compensated incremental velocity in body coordinates. The following
errors are compensaced:

® Accelerometer input-axis misalignment

° Scale-factor error (positive and negative),

» Scale-factor acceleration sensitivity (positive and negative.
[ Accelerometer bias,

e Kii g-squared coefficients.

e Anigsoinertia torque.

® Output-axis acceleration torque.

° Lever-arm effects,

A flow diagram of the compensation module is shown in Figure 6-7,

The compensation equations for each platform axis are summarized below.

(1) Scale-~Factor Compensation

The incremental velocities from each accelerometer are compensated
for linear and acceleration sensitive scale factors. The accelerometer

output expressed at the acceleration level is

n, -1 6
a, = S (ai + da)
where a, is the actual specific force and Sa is the additive accelerom-
eter error. Thus, the estimated speclfic force given a, and estimates
of the scale-factor and accelerometer error is

n,
ai n Sai - fa

6-22
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Since the output of the accelerometer is incremental velocity rather
than specific force, the compensation is

"
Avi = SAvi - SaAt

Separate scale factors for positive and negative specific force are

provided in the compensation module.

s = + +
1+50,, +sl

S = 1480 _, +5l

where
SO(+), SO(_) positive and negative linear scale factors.
Sl(+), SI(_) = positive and negative acceleration-sensitive
scale factors,
(2) g-Squared Sensitive Error Compensation

Compensation is provided for the Kii coefficients, i.e., the
terms which are sensitive to the square of acceleration along the input
axis. The g-sensitive Kb and Kp coefficients are not compensated nor

are the Kio' Kis' Kss g-squared terms. The acceleration error produced

by K

13 18

i ii
The g-squared compensation is

2
Gvg = KiiAvi/At
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where Kii is the compensation coefficient and 1/4t is the rate at which

the incremental velocities are transformed through the platform attitude
matrix.,

(3) Acceleration Bias Compensation

Acceleration bias produces a constant acceleration error,

da, = -B
i
The bias compensation is
Sv, = BAt
i
(4) Anisoineitia Torque Compensation

Anisoirertia torque produces the acceleration error

1
= = - w_ W
6ai P(Ip Ii) 1“5
where
P = accelerometer pendulosity.
Ii’ Ii = principal inertias of the float about (i, p).

The compensation is

1
Gvi = -F(Ip - Ii)AeiAep/At

where Aei and Aep are incremental rotations about the accelerometer
input and pendulous axes.
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(5) Output-Axis Acceleration Torque Compensation

Output-axis acceleration produces the acceleration error
I

o .,
Gai P %

where
P = accelerometer pendulosity.

I° = principal inertia about the float output axis.

The compensation is

I
sv, = —P‘?- [48_(n) - 'A8_(n - 1)]/8t

where Aeo is the incremental rotation about the output axis.

(6) Lever-Arm Compensation

For a rigid lever arm, the specific force at the location of the
accelerometer is equal to the specific force at the reference position

plus the centripal and tangential acceleration produced by wvehicle
angular motion,

b b b b b b b
= A
a, a + m'b x «”ib xr) + ”'b X r
where
az = gpecific force at the accelerometer in body coordinates.

ag = gpecific force at the cg in body coordinates.

o

xr = lever arm in body coordinates.
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The objective is to compute the specific force at the vehicle
center of gravity. The lever-arm correction for the ith accelerometer
is obtained by evaluating the ith component of

svi = -1007 x 1807 x ) + 4%° x P1/8¢
where
3%69 = 269(n) - 469 - 1)
Aeg = jincremental rotations from the simulated gyros

The gyro outputs Ag? are the values before gyro compensation.

(7) Total Accelerometer Compensation

The compensated incremental velocity along the accelerometer

input axis is

Avi(comp) = S(Avi) + (ov, + 6v_ + 6vI + v

B g oa * GVL)

where
S = scale~factor compensation.

6VB = bias compensation.

6vq = Kii g~-squared compensation.

v, = anisoinertia torque compensation.

GVOA = OA acceleration.

dv, = lever-arm compensation.

The three compensated accelerometer outputs are then transformed

from the accelerometer input axes to body coordinates.
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A!P a C:A!?

where

a
Av: = compensated accelerometer outputs along the three

accelerometer input axes.

C: = (nonorthogonal) transformation from the accelerometer

input axes to body coordinates.

The transformation matrix 62 is labeled QMIS in the program.
The elements of this matrix must be consistent with the rotation
matrices which specify the (i, o, p) axes of each accelerometer relative
to body coordinates. These rotation matricec are labeled QABX, QABY, QABZ.
All of the matrices are obtained from the initialiiation data set for

the compensation module.
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SECTION 7

VELOCITY-ATTITUDE ALGORITHM FOR A
STRAPDOWN INERTIAL NAVIGATOR

The velocity-attitude algorithm is the second or middle module of
the three main modules which comprise the navigation (and attitude) soft-
ware for a SD INS. The inputs to the velocity-attitude (V~A) module are
ideally the "incremental velocities" of the "center" of the vehicle in
the body frame over a computation cycle, Kﬁb(n), and the "incremental
angles" through which the body has tummed with respect to the inertial
frame, expressed in the body frame, over a fast cycle, -A—él.:b(n). The

inputs from the inertial sensors are the raw pulse counts which are

’ coxrected in the preceding compensation modules to give the computer's
best estimate of Eﬁb(n) and Kﬁ?b(n).

The functions of the VA module in the INSS are threefold:

a. The initial value of the trangsformation from the body
frame to the inertial frame, Ci(O). is computed using the
"loaded" values of roll, pitch, and yaw, to form Cg. and
the “loaded" values of wander angle, latitude, and longlie-
tude, to form Ci. (The "loaded values of the above parame
oters may include initial exrors in each.) In normal sys-
tem oparation Ci(O) would be computed by the initial align-

mant routine.

b. The strapdown alignment matrix, Cé(t). is updated every
computation cycle on the basis of the incremental angles,
Eagb, from the gyros. The method may involve either a

d.c.m. or quaternion update (of the €irst, second, or

7«1
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third order) but in any case the updated transformation
is expressed as a d.c.m. for use in the 3V transformation

and for attitude computation.

¢. The incremental velocity, va, is transformed from the body
frame to the inertial frame every computation cycle, by
premultiplying by Cé. In an earlier vérsion of the program,
the direction cosine matrix per se was not generated - since
attitude was not computed - and the transformation was
accomplis?id using the rotation quaternion, q;, and its con-
jugate, qb , viz:

W= q;rqu;* - ciA (7-1)

One additional operation is performed in the V-A algorithm, simply for
convenience in computing attitude; this is the generxation of the trans-
formation from the inertial (1) frame to the “new" earth fixed (e')
frame, Cg'. This transformation accounts for the multiply defined
inertial frames, i and i', and permits the divect use of the earth-
fixed to “"new" LVWA transformation, C::, in the LVWA navigation algo-

rithm to complete the computation of the “attitude" matrix.

7.1 Initial Strapdown “Alignment" Matrcix, C;(O), and Initial

Alignment Quatexnion, q;(O)

The initial body-to-inertial transformation is formed as the
product of two rotation matrices, cg and Ci. In the notation of Appen-
dix B, cg is

2
1]

%‘(n/z)xm%ww:¥<e)§(¢)x(w)

CP+SY t =5Re5P*SY ~ CR+CY | -CR*SP*SY + SReCY
]
|

CPeCY | ~SReSPeCY + CP*SY | =CReSP°CY - SReSY
$
sp ! SReCP ' CReCP (7-2)
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where
R = ¢ = roll
loaded
F = 8 = pitch)values may
include errors
Y = ww =  yaw
and s = sinandc = cos

In the V-A module, C; is denoted by QPB. (A lot of frames are

the P-frame in the actual INSS program.)

C1 at t = 0, and hence w, t = Q, is
C le

i a, A

céma = Yrwie =

CLO*CW = SLO*SLA*SW | -CLO*SW - SLO*SLA*CW I SLO+CLA

|
= CLA*SW ! CLA*CW | sia
| |
~8SLO*CW - CLO*SLA*3W | SLO+SW = CLQOsSLAsCW | CLO*CLA
{7=3)
where

I0 = 4 = longitude
loaded

LA = L = latitude values may

include errors
W ¢ o = wander angle

In the V-A module, Ci(O)is denoted by QIP. Finally, the body-to-
inertial transformation, c;(O),is formed by multiplying the above two
rotation metrices, i.e.,

i i o
Cb(O) - Cc(o)Cb(O) , {7~4)

This product is denoted by QIB in the V-A module

In the cass where a guaternion update algorithm is to be employed,
it is necegsary to convert the initial body-to-inertial d.c.m. {or rota-

tion matrix), C;(O). to the correspondiig unit (or rotation) guaternion,

7<3
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q;(O). Later (in the V-~A wmodule), when a quaternion update is performed,
the updated, normalized (unit) guaternion is converted to a rotation
matrix for AVetransformation and attitude computation. The link between
a unit or rotation quaternion and the corresponding rotation matrix is
the interpretation of the rotation matrix in terms of the direction
cosines of the axis of votation, and the angle of rotation developed in
Appendix C. Calling the initial alignment matrix, R = [rii], the initial

(t = 0) quaternion elements are computed as indicated below:

© = V/é + rll(o) + r22(0) + r33(0)
9 3

ql(O) = [r,,(0) - r23(0)]/4q0(0)
q2(0) = [£,4(0) - r31(0)lﬁk;0(0)
q3(0) = (rn(O) - r12(0)3/4q0 {0) (7=5)

7.2 Updating the SD Alignment Matrix orx Quaternion

Updating C;(t) or qé(t) from t to t + At, requires the integration
of one or the othar of the following equations:

+], ib
cb = Cpuiy for a d.c.m. update (7-6)

or

»1 ] 1b . ,
qb =y qbﬂib for a ¢uaternion updato {(1-7)

-where the superscript dot deonotes differentiation with respect to tide.

Obviously the simplost form of inteqration which may be cmployed
(f£irst order) is to multiply the derivations by At and add them to the

‘0ld values, viz:
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7.2.1 First-Order DCM Update

i oA oi
Cb{t + 8¢} = Cb(t) + cb(t)At_
= i[J; + Qb {t)at] {7-8)
S ip!* :
* where - -
r 3 -uzb wb rmb
: 1b3 ib2 | ibl
h A b b b b
g, = w 0 N - | w, =
ik - lbz, J.bl 1b2 ib
-wb ‘wb g (ub
) ;bz' . 1b1 : 153

_ , - L o
1f the elemonts of C;('t)" are called C‘ij: ke 3 = 1, &, 3 sad the non-

2EYro 'eleme‘nts‘ ot '\“t?b (£)an. axe durotad hy

Bt wsy )
1 F RS's ‘arn the

b incremontal

' Wi 4 = A02 angles from

2 yyro

b conpensatiaon

w, A = AD

1b3 30

Then the C;(t. 4+ At) resulting from the fivst-order update is

. - . : i,
Cha G2 Y3 1 -84,

i v >~ 23

Qe+ at) = |, € Gyl a0 1 a0
[Cyy C3p G353 L0e, 29, % {(7-8Ba)

‘Unless all the aei are 2ero, (:;{t + 4t} will not be a true rotation

matrix, The criterion for a rotation wmatrix is
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= ¢t = & = ¢t o= o1 (7-9)

or det C = det 3 = det (cal_ = +1

To attain (or approach) the above condition the updated d.c.m. is (at
least periodically) "orthormalized" - to the first order - by using the
following algorithm:

c

1
orth = C "~ E-C(CC - I) (7-10)

7.2.2 First-Order Quaternion Update

By analogy with Eg. (7-8), we may write the first order quaternion
update as

4

i ~ ol i
qb(t + At) qb(t) + qb(t) t

b
W

i =ib
qb(t) 1+ z (t)At (7-11)

1]

While the matrix by matrix multiplication in Eq. (7-8a) is well defined,
the corresponding quaternion by quaternion multiplication indicated in
Bg. {(7-11) has not yet becon defined.

Let us generalize the expression in the square brackets in Eg. (7-11),

{1+ ng At], and call it the quaterhion ¥+ wheres

A
P = Py tR (7-12)

~

P+ pyJ + Pk

a>

and P

[ -

and 1, j, k are the frame vectors (unit magnitude, mutually orthogonal,
right handed) {in the particular case i, j, k are alony the X, y; 2
axes ¢f the body frame).

76




A good concise summary of the elements of quaternion algebra is

presented in Section 2,2.1 of Reference 3. The product of two quater-

nions, p and g, may be written as
qp = qopo - g-p + 9o * P, + gxp (7-13a)

The preceding vector-scalar form may be handy analytically but the most
efficient form for mechanization in a digital computer is as the product

of a 4 x 4 matrix by a 4 x 1 vector, i.e.,

Po P1 Py P3| [
Py Py Py Pyf|q
ap =
Py “P3 Py Py 9

The purist may object that Eq. (7-13b) is an exprecssion for the elements
of the quaternion product rather than the product per se which, of course,

is correct. To be rigorous then the left hand side of Eg. (2-16) should
be expressed as

T
[(qp)o (@p), (ap), (ap),]"
The rearranged product pq is given below:

Pg = Pydy = R ° 4+ Pyd * g, + pxc (7-14a)

where it is seen that the sole difference is in the sign of the vector

(cross) product term since pxq = -gxp



e e re—

(oo, | [ 1 [a]

Pal, Py “Py "Pp “Py 9,

(pa)y P) Py “P3; P, 9

(pa) P; “P, Py Py f3 (7-14b)
- — b - —

Equation (7-13) is perfectly general. When applied to the first

order case of Eq. (7-11), we have

quj;(t + At)oT [, A:I - A:z - Azeﬂ —qu;(t)o

G (£ + 88)) ﬁ;}' 1 ii?" - 5'23 q);l)(t)l

qli)(t + At) A—Z?i @3 - Z-\;l 1 q:;(t)a (7-15)
- 4 L ~4 L -

. . . b |
Note that p is not a unit quaternion unless w_b is zero; hence the
i
quaternion product, pq, will need to be normalized by dividing each

element of the product by the square root of the norm, N(pg), where
2 2 2 2
N(pa) = (pq), + (pa) + (pa), + (PA), (7-16)

The first order d.c.m. and quaternion updates and (ortho)
normalization have been presented by way of an introduction and to point
up the similarities and differences in the simplest cases. The first,
second, and third order updates for each are presented in the following

two subsections.



7.3 Direction Cosine Matrix Updating

The equations for higher order updating-based on the availability
of incremental angles at discrete times are derived in (3) and the

results are presented here.

The matrix to be updated from t to t + At is denoted by C(t),

while the update matrix, of order i, where i =1, 2, 3, is Mi(t’ At),
while the resultant updated matrix is Ci(t + At) or

Ci(t + At) = C(t)Mi(t, At) (7-17)

The Aei of the previous sections are shortened to ei, while the Aei from

the previous pass (At earlier) are shown as 6;. Further,

2
61 + 0, + 63 (7-18)

N

The first order d.c.m. update (as before) is

Cl(t + At) = C(t)Ml(t, At) (7-19)
where
r~ -
0] -63 82
Ml(t' At) = 1 + 63 0 -61
[92 81 0

The second order d.c.m. update is

C (t + bt) = c(t)Mé(t, At) (7-20)
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vhere

p- 2 2 -
~(62 + 62 0,6, 6,0,
M.(t, At) = M. (t, At) +=] 6.0 -6 + 8% 0.6
ot ) (e 3 192 3%¥9 2%3
2 2
L %% 6285 (8 ¥ B,

Note that the second order update approaches R (see Appendix C) as

sin 6 + 1 and 1 - cos 8 - l.o
] e2 2

The third order d.c.m. update is

C3(t + At) = C(t)Ma(t, At) (7=-21)

where M3(t, At) = Mz(t, at)

B 0 | 2% 406" - o.0" | (20%6_ + 8.6 v
| 3 ¥ 9,8, - 6,8 l 2 ¥ 858, - 8,0,
1 2 * * | 2 * *
+ = |-20%, + 007 - 6,0 : 0 | 20%, + 9,07 - 0.0,
20%. + 0.6 - 0.0 |-(20%. +0.0" - 0.0 | 0
i 2 ¥ 958, - 0,9, | p ¥ 0,0, - 050,)

In the third order update, the terms (eie: - eie;) correspond to (uw » Qp.
It was found (5) empirically that the inclusion of these terms in
regimes of very high angular acceleration,&, degraded the algorithia
performance. Accordingly these terms may be omitted at the user's dig-
cretion. (they are presently “commented" out of the third order d.c.m.
update.)

The pregram flow for the d.c.m. update utilizes Egqs. (7~19), (7=20),
and (7-21) in ordex, as required, followed by Eq. (7-17), and ortho-
normalization using Eq. (7-10).

=10
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7.4 Quaternion Updating and DCM Generation

Regardless of the order of the update, the form follows Eq. (7-13)},

while the equations are derived in (5). The quaternion to be updated

from t to t + At is denoted by gq(t), while the updating quaternion, of
order i, where 1 = 1, 2, 3, is p(l)(t, At) and the updated quaternion
is q(l)(t, At) or

q(i)(t + At) = q(t)p(i)(t, At) (7=-22)

The elements of p(l)(t, At) are all functions of the Aei/z, shortened to

*
ei/z, while the Aei/z from the previous pass are shown as 91/2. Simi~

larly, 92 from the d.c.m. case becomes

2 6 6 0.\2 8.\ 2 (6)2
8y . .= . (X 2 3 -
(5) I (2) * (2) *\2 (7-23)

The first order update quaternion (as before) is

p M, 4t = 1 +% (7-24)

or

(1)

Py 1
w _Ah
Py 2
a o, %
Py 2
m | %
Py 2

‘the second order update quaternion is

p'¥ e, oty = pM (e, ab) -2 (g %

o o) RN ) (7-25a)
pM e, a0 - 3 (3)



Since the second order portion of the update is a scalar it affects

only po, so
: 2
o = oV 1) < -1 ()
p!? Boia1,2,3 (7-25b)
The third order update quaternion is
p e, s = pPe, av) --é— (% . %)% +(%x g) (7-26a)

Since the third order update is a vector, it does not affect po, so

p(3)

(2)

Q p0 .
* ”*
RIS 1\ W GO
"1 P "s\2) TT\7T 777 7Y
ol * *-1
@ _ o eyl (3% Al
Py Py 6 \2) 2 72 2 2
y 2 9 6. o 0. 8"\]
. o _1lfeY b, _.1_.,2._.33;.)
Py Py 6 \2) 2 7 2 2 2 (7~26b)

The similarity between the third order texms of the update for the d.c.m.

and quaternion should be noted. The main difference i1s the use of ei/z

in the quaternion, whereas Oi appears in the d.c.m.

Obviougly, the simplest way to formulate the algorithm to imple-

ment Eq. (7-13b) would be to form the four elements of the update guat~

ernion, p (1)

., of order i ~ i.e., start with first order, add second and

third order terms as required, form the 4 x 4 matrix from the elocments

of pth)

multiplication.

7«12

. and perform the indicated matrix by vector [(4 x 4) x (4 x 1)]

B P e

r




The V-A module, uses three separate inline~-coded, matrix bv vector

multiplication routines - one for each order of quaternion update. How-

ever, the algorithm used is correct, even though it takes about twice as

many statements as the simpler and more elegant algorithm (see reference
(5), in subroutine HSINTG).

After forming the updated quaternion, p(l)(t, At), it is periodi-

cally normalized by dividing each element by the square root of the norm
as indicated in Eq. (7-16) that is

2+2+2+2l/2
9o T 9y T 9 T 9,

a,/d, i =0, 1, 2, 3 (7-27)

ne>

P horm
where the q's are elements of the updated but unnormalized quaternion,

and 9 are the elements of the updated, normalized quaternion.
norm

Next, the quaternion is converted to a d.c.m., as shown in
. (1)
Appendix C, to obtain C; (t + At). Omitting the subscripts, super-
norm

scripts, argument and comments, the d.c.m. is

§ 2 . Al I Y
- 2(q2 * qs) 1 2(09; - 955y g 2@ ¢ 9,%)
I

]
* ! 2 2
(t + At) =12 q3qo + qqu)l 1 -2 a, + ql 2 q2q3 - qoql

|
2(qq-qq |2(qq +qq)'l-2(q2+q2)
331 270/ | 23 071/ 4 1 2

-l

3 (1)

norm

(7-28)

This completes the portions of the v-A module which depend on the
particular kind of update.

*In subsequent sectionsg, it is more convenient to use "t" as the
present module operating time, rather than (t + At).

7-13
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7.5 Incremental Velocity Transformation

Once C; has been obtained by either of the foregoing means, it is
employed to transform the incremental velocities - accumulated from (t - At) to
t - from the body frame to the inertial frame,
actually mechanized is

T N o

The equation which is

B R

whe = Ee - HaPo

t (7-29)
1 § b , )
: where AV (t) is given by
’ t
' AP A a®(m)ar (7-30)
t - At

The approximate mid-computation cycle value of the body-to-inertial

transformation, e;(t - ég—), is obtained simply by averaging the updated
i

cb with the "old" value from the previous computation cycle i.e,
Al At 11 1 i
1] - m—— — - -
Gle~-—= A 3 ch(t) ol At)] (7-31)

While the approximation in (7=-31) is only first order (in 4A0), its
effects are not cumulative.

The final operation performed on the AV's before output is to
trangform them from the i~frame to the i' frame (the inertial frame used

by the navigation algorithm), and to sum them, if the navigation algorithm

is operating on a longer computation cycle. fThe transformation of AV's is

A.\y_i' (t) = Ci'é_\[i(t) (7-32)

*rhig transformation is denoted by DCMMID in program wmnemonics.

7-14
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where

0 0 1
[ ] ]
ci = & = Ha/¥ma = |10 of+
e 1 0
or
- 7 - i'ﬂ
Avi avt
i i
av avy (7-32b)
i i
oy | |avs

[}
7.6 Body to "New" Earth-Fixed Frame Transformation, cg

For attitude computation the updated C; must be transformed to
the "new" earth fixed or e'~frame, used in the navigation algorithm, It
]
was shown, in Appendix B, that this added transformation, Ci is given by

a!t v
¢ = Z(wiet)ﬁ(n/z)x(n/z)

pe L
swiet 4] cwiet

Y cmiet 0 -swiet (7«33)

0 1 0

od -l

where the value of t used in Eq. (7-33) corresponds to {t + At) in the

notaticn of this section.
]

The transformation which is output to the navigation module, Ci ¢
or DCM in the V-A mnomonies is

.
See Appendix B.
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cf)' = ci'ci' (7-34)

The sum of the Ay?'s since the last navigation computation cycle are also

output to the navigation module.
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SECTION 8

8. LOCAL LEVEL NAVIGATION ALGORITHM AND ALTITUDE COMPUTATION FOR A
STRAPDOWN INERTIAL NAVIGATOR

The navigation/attitude algoritiim is the third or final module of
the three main modules which comprise the navigation (and attitude)

software for a SD INS.

The function of this module is to compute the velocity, position,
and attitude (roll, pitch and heading) of the vehicle at the end of
each "slow" computation cycle -~ on the order of 2 to 20 Hz.

To accomplish this, the module is initialized at the start of
navigation (t = 0) on the basis of velocity and position data supplied
by the trajectory module.

During each succeeding (non-initialization) pass, the module
accepts incremental velocities, in an inertial reference frame, summed
over the slow cycle, from the velocity andattitude algorithm, and the
barometric altitude from the altimeter module; this is all the informa-
tion required for velocity and position computation.

For attitude computation, the module accepts the direction cosine
matrix relating the body frame to the "new" earth-fixed frame from the
velocity and attitude module and combines it with the DCM relating the
"new" earth-fixed frawe to the computational frame (the “position®
mateix) and extracts the computed roll, pitch and yaw. The latter is
gorrected by the wander angle (azimuth of the computational frame) to
cbtain the heading of the vehicle.

8.1 Analytical Development of the Local Vertical Wander Azimuth Navi-
gation and Attitude Algorithms

The actual form in which the equations for the computation of the
earth-referenced velocity, position and attitude of a terrestrial iner-
tial navigation are mechanized in an airborne digital computer has been
the object of considerable study for the past quarter of a century.




A survey of the algorithms employed in several aircraft INS's and
the algorithms recommended for futwre use (in tactical aircrart) was .
covered in same detail in (R-977). The model for the earth and its
gravitational field is that of the WG2-72 ellipscidal earth (R-977); many
of the equations relevant to this model are presented in PROFGEN, which
is the mission profile generator that wultimately will be used to drive
the simulator. '

In terms of the first reference above, the navigation and attitude
computations used in the INSS most nearly approximate those that would
ba employed with a gpace stable inertial measurement unit (SS IMU),
i.e., AV's are accumulated in an inertial frame, with a local vertical -
wander azimuth (LVWA) computational frame, i.e., the equations of
motion are actually integrated in the LVWA frame. &till in terms of
the first reference, the algorithms used in the INSS correspond to the R
upgraded algorithm, It should be noted that the sign of the wandex
angle used in the navigation algorithm has been reversed with respect

to the reference to conform with the remainder of the program.

- With these preliminaries, the cquations mochanized in the naviga-
tion and attitude computations aroe presented., Note that the first sec-
tion is oxtracted directly from (R-977).

8.2 Navigation Equations in lLocal Vertical Framo

The fundamental equation of inertial navigation for a navigator
employing an @arth relative computational framo (c-space) is given by

e g

b = — oc

c c ' '
ALY {8-0)
where !F}is the earth relative velocity in computational frame

e -
v™ is the time rate of change of v

8-2




o]

£ is the specific force (the portion of inertial accelera-
tion sensed by the accelerometers) expressed in computa-

tional frame coordinates

C AC o€ .C
A 9--919 Qie r , is the resultant of mass attraction, gﬁ

. c c c .
and centripetal force, *Qie Qie r , expressed 1n computa-

7o)

tional frame coordiantes

e is the earth-fixed frame which is rotating at a constant

angular rate, wie' with respect to the inertial frame

i is the earth-centered inertial frame which is regarded

as non rotating with respect to the "fixed" stars

Q° is the skew-symmetric form of the angular velocity of the
computational frame with respect to the earth-fixed frame,

. . . C
expressed in computational frame coordirates, Qec'

Q)

ie is the skew-symmetric form of the angular velocity of the

earth-fixed frame with respect to the inertial frame,
. . . c
expressed in computational frame coordiantes, Qie' The
, c
i fuw, w.,
magnitude o Vet W4

o' is a constant but the components

vary as a function of latitude (and wander angle).

The function of the navigation computer may be considered to be the
integration of equation (8-0), to obtain the earth relative velocity,
g?, followed by a second integration to obtain the earth relative posi-
tion. Since the earth relative position is expressed mainly in angular
coordinates, latitude, longitude, (and wander angle), it is necessary to
convert the level components of linear velocity from the first integra-
tion into angular velocity form by dividing by the appropriate variablc,
radii of curvature to obtain Q:é which is then converted to the skew-

symmetric form, QZC. The differential equation which is integrated to

obtain the angular position is ég o CZ Qic (8-0a)



The actual latitude, longitude (and wander angle) are extracted
from Cz via the appropriate inverse trigonometric functions. No primes
(') have been added to the ¢, e, i frames, since usually one each com-
putational, earth-fixed, and inertial frame i~ sufficient. However, the
primes are employed in the following presentation to differentiate the

"new" c, e, and 1 frames from the "old" ¢, e, and i frames.

The remaining position variable, altitude is obtained by integrat-
ing the vertical component of !F. An external altitude reference is
required to eliminate the inherent instability of any pure inertial
vertical channel. Thus, the minimum number of scalar integrations
required to mechanize a local vertical wander azimuth navigator is
thirteen (13). However, only five of the nine elements of Ci are
employed directly in the navigation computations so frequently only six

of the nine elements are computed.

8.3 Navigation Initialization

On the initialization pass, at t = 0, the navigation module obtains
the initial position and velocity from the trajectory module, while the
initial position errors are supplied from the module's own initializa-
tion file.

The initial value of the (LVWA) computational frame, €', to "new"

[ ]
carth-fixed frame, o', transformation, Cg;, or A, is computed from

S = A =2 Y1) X(@
cLcl : -cosl - sosLcf : sasf - cosLcl
= |cLst | cact - sasLst | -sacf - casLsi (8-1)
sL, : sOcL : cdcL

vhere is the initial latitude plus errors

is the initial longitude plus errors

QR =

is the initial wander azimuth

B8-4
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This matrix is the repository of the (horizontal) position infor-

mation. for the navigation algorithm. It is developed in Appendix B.

8.4 Initial Velocity

The initial earth-relative velocities in an ENU coordinate frame,

v , are computed with their initial errors and transformed to the LVWA
computational frame, c'.

vz = vz + evz
-nav - —
where CE' = Cz: c%'
and CE: = X(O)

and cé' = B(m/2) X(1/2)

(See Appendix B).

The form in which equation 8-2 is mechanized is

c!
v

: % |
Viav = x(a)[:Z(n/z) 2(ﬂ/2) !hav;] (8-2a)

since the quantity if square brackets merely respresents a rearrange-

ment of the elements of vz .
-nav

L}
8.5 Initial Angular Rate, QZ,

cl

The initial radii of curvature are computed using the exact formu-
lae and the parameters cf the WGS72 ellipsoid

o=

e
hnav * 2 _2 1/2 (8-3)
l-€ A31



and = + (8-4)
“m hnav 1-62 A2 3/2
31
where r, is the earth's equatorial radius
62 is the square of the eccentricity of the meridional
ellipse
A31=5L is the sine of latitude
hnav=h(0)+eh is the loaded value of the altitude above sea level
rp is the radius of curvature of the prime vertical ellipse
. is the radius of cuxvature of the meridional ellipse
The angular velocities about east and north, wE, wN, are computed
from vy
Wg T T (8-3)
m
v
E
and we = 3 (8-6)
P
where in general,
cl o Vcl
VE = V2 C 3 s
a c' c'
= v aQ
an VN 2 S0 + V3 Co.

The angular velocities about

the horizontal axes of the computa-

tional frame are computed by transforming the w,_, and wN from the &'

frame to the c¢'

E=

frame

X (o)

B

— e

0

We |

B o

u)U' é (8-7)

N

where the pi are the components; of the angular velocity of the computa-
tional frame in the new "earth-fixed frams".

Equations 8-3 through 8-7 are mechanized in a subroutine (ANGVEL).

B8-6
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The components of the earth's sidercal rate, gf;,e, . in the compu-

tational frame are

0
c' c'
Eile| = Ci' 0
w,
ie
c'
- e
Ci' 3wie
cl
= Cercj¥e

[}
w®?
a%

3
g
pe
[+

= e. A |w
[3 ] ie (8-8)

where e3 is a unit vector whose elements are [0, O, 1]T.

L}
All equation 8-8 says is the elements of wc,e,, are formed from

the elements of the third row of the A-matrix and the earth's sidereal

rate, w, , which latter is directed along the Z axis of the i' and e'-

ie
frames.

The total angular velocity of the "new" computational ('c) frame
with respect to the "new" inertial (i') frame, in the “"new" computa-
tional frame, Q{i;.' is

c' c' c
w.,ilco = u—)i'e' + Qi'c' (8'9)

8«7



and are the gyro torquing rates for a gimballed LVWA IMU. In the

present SD case, these become the "matrix" torquing signals to update
L}

the C:, for the Av trantormation.

Coriolis and centripetal compensation requires, w p

~cor
where c' c!
w = W, , +2w., ,
—cor —e'c —i'e
(8-10)
c! c!
= gilcl + (ﬂilel
L
and the form of the correction is Weor X vi_ or (see equation (8-0)
] L}
Wwxv) = w __ Xve =R ¢ (8-11)
- = —cor - cor —
- ] l - — cﬂ
0 | -w | v
coy cor., 1l
| 3 | z ot
= w | 0 | ) v
cor cor 2
u | o e’
—W w v
L_cor2 | corl l _ L 3 ]

Since the correction is applied at the velocity level all the
elements are multiplied by the computation cycle, At.

Equations 8-8 through 8-11 are mechanized in a subroutine (TORCOR).

8-8
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Several other computations are required in preparation for the first

. normal pass through the navigation algorithm.

First, the computational frame to earth fixed transformation,
. computed at t=0, A(0), extrapolated to the middle of the first computational
cycle, using the initial values of the computational frame, %(0); or

c!
] w , ,(0), and a second under update.
—e'c

2
A(A_*zc_‘) = a(0) {1 + 05, (0) (é%) + [sz‘;:c.(m]z % (%‘)}

e e

LY where 0 -p3(0) 02(0) 0
P B 1

f 8@ =] oy 0 0 | @ Jo @ & w0 (8-12)
~p,(0) 0 © P4 (0)

and At is the navigation computation cycle.

s e e A L5 ¢ e ST

The expression in the curly braces is computed in subroutine AUP, which
accepts as inputs Gy and ez where (in this case)
At

Gy = 0,005

At
Oz @ 03(0)—5

and the update matrix g 2 2
o + B8 “
l - ( 2 )l '4'6 ' 3 Yy
z
P
; 2
I+0+ % ¢ = 6, 1170, | 09, (8=13)

7
: -0 lo o 1-0 2
: - ¥ ' Yz l Yy -
. 2
»w " Based on the initial values of latitude east velocity and angle, the latter
! is extrapolated to the middle of the first computation cycle using a first order

algorithm,

g o ' e o o et P T R T TN NS . R R o SEONS e RS
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lie

[0(0] + G[OL (%)] cos [(0)]
[e] - 6[}5(%)] sin [a(0)] (8-14)

Q

(o]

[ 3]
LT

|I>
[ 4k
—

He

Q

o}

)]

where § (x(—)] A a‘(—-‘zi)-a(O) = -5&(0) é%
= VE(O) sin L(0) éE

2

0
rE cos L{0)

Mid-computation cycle altitude is obtained by extrapolation of the initial

value and the initial vertical velocity

~ (At At |
h (*E) = h(0) Vu(O) 3 | ) (8~15)
.. ofAr ) ) f At
Both the extrapolated A-matrix, A 3 and the extrapolated altitude, 5
are employed in the computation of gravity at 5 in ti. subroutine, GRAV,

Two components exist - the north-gouth and the vertical components. The east-
west component is zero, However, the level axes of the computational frame
are not generally north-south and east-west and must be resolved through the

wander angle (or azimuth of the campupational frame) .

The vertical (up) component of gravity is

n At)a . 2’_'4(_A_g) | 4A_1_;3;)]
ql (-—i- - [g°+ng .,iq Li=) + 9, sin “(2

2
| 2 ape\] e/t a2 8-
X {] - [gh‘ v qh sin L(“'ﬁ‘)j a(..-i) + qh h (é&)] (8~16a)
} 3 2 ‘ 3 2

T2 afbt). 2 (At
where - -8in f‘("'i) o j?"31("”:3)

The level compo:.ent, 9, and Yy which ar: east and north for a=0 are

8-10
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32 (-A-g-) =9, f (é%) sin ﬁ(%)cos ﬁ(—é—;-) sin &(—A—z—) A (8-16b)

33 (AE) =9, f (—A—t-) sin ﬁ(—ég)cos f-(ég-)cos &(.A—;) | (8-16¢c

-

“3) = ﬁaz(‘%)

B

where cos

|
—
>
|&
S—
[3]
[N
=
Q>
—
>
ot

Ccos

>
. '1>‘
ool
e
Q
o
n
>
——
‘D
ol et
S
0
>
w
[}
f
woler
f

and g = 32.0877057 f£t/sec’

g. = 0.16939081 ft/sec’

g, = 7.5281x10™% £t/sec?

9, = 9.6227x10™° £t

6.4089x10" 10 £¢~3

5

0
=
6

. g = 6.8512x10"%7 £t™2

g = 1.63x10°°  £t%/sec?

The extrapolated A matrix is also used to recompute the Corolis
corrections (call TORCOR) more nearly appropriate to the mid-computation
CYCleo .

Finally, the incremental velocities in the "new" inertial frame,

é_gl(o) are set to zero, i.e.,
éz?(o) = 0

These are DVI in program mnemonics. The iniltialization of the
navigation algorithm is complete,

& 8-11




8,6 LVWA Navigation and Attitude Computations for Normal Computation
Cycle

The following operations are performed every navigation and atti-
tude) computation cycle following initialization. While At is used for
this module as well as all the others, it does not necessarily follow
that all the At's are the same. What is necessary is: the At for
"later" modules must be the same as or an integral multiple of, the
computation cvcle of all the "earlier™ moudles which supply the input
data to it,

Note that in the navigation algorithm the inertial, earth-fixed,
and computational frames are all the "new" or primed frames, unless
stated othexwise.

1

1) Transform Av's from the Inertial to the computational Frame

The effect of the two-step process is to mechanize

A ) s cg:(t- 9%3 vt e
" Cz:(t- é%) [éi:(t- é%% Avil(tﬂ
or (e = o ee- B avthie) (6-17)
where C::(t- %‘) w 2 [wi (t= %-)]
Q
and AV (1) = CZ:(t- ég& Qgé'(t)
whera c0te= &5 o K(e- A,

and A(t- é%) is the transpose of the extrapolated value of the “new"
computational to "new" earth-fixed frame transformation generated during
the preceding computation cycle (or in initialization). Strictly

L

speaking it should be denoted as K.

8-12
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Compute Components of Gravity in the LVWA Computational Frame

The. components of gravitational and centripetal force at (t-At)
are computed using the WGS72 ellipsoidal formula, and the values cof
L' Ct, ha

c! 2 2 4
gl(t-ét) = - [cgo + cgz ABl(t-At) + C94 A3l(t-At)]

o . 2 ] - 2.
+[1 .Lchl ch4 Asl(t At) | hit At)+ch2h (t-At)

cl
g, (t-At) = cho Ay (E-At) Ag, (t-4t) h(t-At)

2) Update LVWA Velocity

The Av, Coriolis, and gravity terms are used to updated LVWA
velocity (per equation 8-0)

(t) = v (t-At) + Av® (t) + (t- é....) X v (t-At) t + g (t- :'}-E\At
{8=18)

3) add Vertical Damping Term (to Vertical Velocity)

c! At At -
vy (t) = 1 (t) + [ﬁa(t- =5 +C a2 Sh(t- —5] At (8-19)

where ¢ & 1.62x10“33ec'2
vdl

At -At
8o (= =) - Cvaaf h(t)dt

At
Shit= =) = ﬁBu-.- --> - filt- --»)

8a and 6h are extrapolated values from the previous computation cvcle.

8wl3




4) Interpolated and Extrapolate Computational Frame Velocity

The velocity extrapolated to the middle of the next coﬁp. cycle is

3¢ (¢- A—g) = % v (o) - lvc (t-At) (8-20)

The interpolated velocity is

- = 3

At ;[

v ) + v (e-be)] (8-21)

l5) _ Compute Angular Velocity, £

. ~The anqular rates of the computational frame with respect to the
parth-fixed frame expressed in the computational frame coordinates at the

c!

mid point of the comp. cycle, Qe'e'(t~ é%), are required to update the A

?
matrix, Cz,, from (t-At) to t.

The following inputs are supplied to the angular velocity subroutine,

ANGVEL:
(e B
h (e 5
gin o (¢~ é%
cos O (t- é%)
sinzL (L~ é%

All except the first are the extrapolated values from the previous
cycle, while the first is the interpolated value from the present cycle.

8-14




The subroutine computes £ (t- ég% using Equations 8~3 through 8-7,

6) Update Transformation from Computational to Earth Fixed Frawre
(from t-At) to t).

The values of P(t~- é%) are converted to angular form by multiplying
by At' i.e:

At A
pl(t- -—i') At =0

At ~
92(t~ —5) At = ey
At
93(t- —E? At = Gz

The second order update matrix is formed by subroutine AUP, using Gv and

Gz above as arguments

L
The updated A-matrix, Ci,(t) is

2
ate) £¢2(t) = 8 (et [x + 043 e] (8-22)

where the expression in square braces ils defined by Bquation 8-13,

7 Oxthonormalize A(z)(t)

The second order updated DCM, A(Z)(t), is orthonormalized every

.NORYTH computation cycle.

A (t) = a2y - %A“”m [ﬁmte) A?) gy - r“ (8~25)-

-’

The orthonormalized foxm, An(t). is restored as A(t).

8~15




8) Extrapolate A-matrix to Mid Computation Cycle (i.e. from t to t + -A—;)

In (6) the A-matrix was updated to t, A(t), using the angular

as At A
velocities appropriate to (t- —'2—) s P(t- —12:-). Now, A(t) is extrapolated
using the same P(t- -A%) and the same subroutine, AUP, with arguments

At, At A
le==) =5 = 0
‘ n - é,t; ﬁ". = ¥
LAty (e S g
At, At i
pylt-= 5 = 6, :
The extrapolated A-matrix is
t e! t e! 1,12
At + --2") = Cc,(t + —5) a Cc,(t) [I + O+ 3 G] (8-24)
pree -~
where @ = 0 =0 0
2 Y
a 0 0
2
-0 0 0
=3 y -l

8-16
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9) Compute Altitude and Perform Vertical Damping Calculations

The altitude is updated not only to account for the mean vertical

[ ] .
velocity over the computation cycle, ﬁic (t- é%é, but also to include a

term proportional to the difference between the external and inertially -

derived altitude over the same period, Sh(t- é%é. The equation mechanized

is

AC

] e Bt snie- 23]
h(t) = h(t-4) + [Vl (t- 2) + Cvd Sh(t- 2) At {8=25)

-1

The altitude is extrapolated to the midpoint of the next comp. cycle by

At ct At
At + =) = h(t) + v, (1) = (8-26)

Similarly, the external (barometric) altitude, hB' is extrapolated to the

same time using

(e + élz‘-) =3 hylt) = 3 hy(tebt) (8-27)

The predicted altitude error at (t + é%%, h(t + Q%) is

Bn(e + =5 = fiit ~A—§~) - fite + 9-::;) | (8~28)
An approximate, scaled (by CvdB) integral of the altitude error, 30,
ig computed and applied at the acceleration (attually incremental velocity)
level when a third ordex loop is employad., Its effect is %o provide
steady state compensation for vertical accelerometer or altimeter bias erreors.

- It is machani&cﬁ as

Y NP " L bt .
Sut + 25 Safe- =1 + cy, Buie + =) ¢ (829}

It is applied to the vertical velscity .as indicated in 8-i19.

8«17
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10) Extract Latitude, Longitude and Wander Angle from A Matrix

The procedure is outlined in Appendix B.

o2
cos L(t) -I_All(t) + A

172
(8=30)

If cos L(t) = 0, latitude is +90° and longitude and wander angle are

indeterminate and previous values are output.

- A, ()
* L(t) = tan cog;(t)
-
A,
*  R(t) = tan l{*xa~f~y
LML
A
-1 32(t)
a(t) = tan = [~
A33(t)

(8-31)

(8=-32)

(8-33)

buring the succeeding operations and thenext computational cvcle, the

extrapolated values of the sine and cosine of the wander angle will be

required, They are obtained from

Sa A a(t)

-

A At
sa(t + -—2-)

. At
Bt + "30

[. 24

at=dt)

sa(t) +

calt) +

é% ca(t) (8-34)

8o
—§~SG(C)

12) Ixansform Computational Frame Velocities to ENU Frame

The equation to be mechanized is

L

MCEAG

i = ¢

y Ci,(t) ciZ(u) vo i)

*
Normal navigation outputs.

(8-35)




This iz the inverse of equations 8-2 and 8-2a. Both transformae
tions are given in Appendix B, hence

Vi) = xm/2) z(1/2) X ° (b

or

r v a0 [ 0 cO -80 r_v:‘i'(t)
* v (t) af 0 SO ca Vg.(t)
L}
t 1 0 0 e '

The value of O above is O(t).

13) Compute Gravity, Extrapolated to Mid-Computation Cycle

The components of gravity in the computational frame at the mid-

1]
point of the next computational cycle, gc (t + é%é, are required for

the velocity update on the next pass. Subroutine GRAV is entered with

arguments A(t + é%) and fi(t + é%ﬁ. BEquations 9-16 a, b, and ¢ ave

3
mechanized returning gc (t + é%q and sin2 £t + é%é.

14) Compute Extrapolated Angular Velocity

The angular velocity of the computational frame with respect to the
oarth fixed frame Q(t + é»ti*). ig computed for use in the upgraded estimates
of the Coxiolis corrections, which €ollow,

The arguments supplied toe subroutine ANGVEL axe

AT 9-%-)

WA At
ca(t + 2)

Sa(t + %«)

At
2

s“Bie + 2

At
fitt + -i-)

8-19
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ANGVEL implements Equations 8-3 through 8-7,

15) Compute Extrapolated Coriolis Corrections

The Coriolis corrections for use in the next velocity update are

computed in subroutine TORCOR.

The arguments are:

A At
At + —2-)

~ At
plt + -50

c

v "+ é%)
At

The subroutine mechanizes BEquations 8-8 through 8-11, and returns

A

~ 9
(9¥or X !? ) At at (¢ + é%). where W cor is given by Equation 8-10,

16) Reset Incremental Velocitv Input

1
The le (t) received from the velocity-attitude algorithm is reset

to zero and passed back to the V=A module,

This anticipates the case, which often coccurs in practice, wherein
the velocity-attitude algorithin is exercised several times for each pass

through the navigation algorithm.




17)

Compute "Attitude" Matrix and Extract Attitude Angles

Using the DCM, or Cb from the velocity attitude algorithm,and X
or c© ,,from the navigation algorithm,the “attitude" matrix, Cb is

formed.

c' e.
¢, (e) ¢ (o)

[}
cg(t) =

(8=37)

Equation 8-37 is developed and interpreted in Appendix B, where

the final result is

cg = y(n/2) F(w) ¥(6) X(d) x(m
y |
sf { cosd |
{
s swwce :-cwwc¢-swwses¢ :
cwwcﬂ | swwc¢-cwwses¢
p— ——
& & G
R C4 C5 C6
C C c
u.7 8 %‘

(8-38)

cQcd
cww6¢-swwsec¢

-swws¢-cwwsec¢

‘= DTEM in program mnemonics

L]
From the above (the elements of the first row and column of cg )

the "attitude" angles are extracted, viz.,

cogd = (C + C3)1/2

(8-39)

If cosO is O then 0 = 430° and b,and ¢ are indeterminate and the

previous values are output. Otherwise,
-l /C4
ww = tan E;)
c
“1{ "2
. ¢ = tan ——
Cc
3
~3f C
" 1
0 tan (.,._.ews )
*
Normal navigation cutputs
8-2)

RSt

(8-40)

(6~41)

(8-42)




Pinally, the true heading, Y, is computed from

o=y -a (8-43)

where 0 is obtained from equation 8-33 and the argument, t, has been
omitted for brevity in equations 8-38 through 8-43.

B}
The ég} (t) received from the velocity attitude algorithm is reset
to zero and passed back to the V-A module. The module operating time

is stored for output, then incremented for the next pass.

The nine stored (*) quantities and time are output to the evalua~

tion module, and the navigation module awaits the next pass.

5 ,
Normal navigation outputs,

8-22
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SECTION 9

EVALUATION OF ERRORS

The evaluation Module (EVA) is the final, minor module of the
INSS. Its functions are

(a) To store the position, velocity, and attitude from the
trajectory module at the time of each navigation and
attitude computation cycles.

{b) To store the position, velocity, and attitude from the

navigation module after every navigation computation eycle,

(c) To output the trajectory data (50 points at a time) to the
trajectory data and output the resulting differences or errors
{50 point:s at a time) to the line printer and plot file.

The net result is a time history of the nominal trajectory, i.e.,
without any perturbations from the environment module, and an instantaneous
arror" time history., As presently structured, “errors" include the
effects of the linear and angular vibration on the simulated strapdown
pavigator, but not on the nominal trajectory. This is an cbvious defi-
ciency of the present program since the total effect of its vibration en~
vironment should be reflected in the position, velocity, and attitude,
comprising the nominal trajectory, as reported by EVL.

9-1
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APPENDIX A

" ROTATION MATRICES

a.l Introducticn

A simple, compact, unambiguous notation describing transformation
from one orthogonal axis frame to another in terms of one or more single-

axis rotations is presented in this section.

The notation used in describing the vectors and the coordinates
transformations is based on notation used by Britting.(4 ) The defini-
tions and the notations presented in this Appendix are employed in

Appendix B to describe the coordinate frames and transformations occur-
ring ln the INSS.

A.2 S8ingle~Axis Rotations

A cooxdinate frame, i, is defined by specifying three orthogonal

» "

unit vectors xi, Yi' zi' which form a right-handed system, i.e.,

" ~ - -~

Xi x}Yi = Zi, Y‘ X Zi = Xi, Zi X X, =y

i i

Xi'YiﬂO,Yi'Zif-*O, ZiOXi=O

where "x" donotes the vector product and " " the scalar product of two
vactors.

The *i* is the shorthand name of the frame, and is one or more
numbers or letters, or some combimation thereof. The practice of refer-

~ - LY - ~ a - "

ring to tho unit vectors defining a frame as i, j, ky u, v, w3 ¥, N, Oy

aA-1
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X, ¥, Z2; etc. will not be used because there are too many frames and one
would soon run out of triples of letters for which the sequence is obvious.
Further, the existence of an X-axis, a Y-axis, and a Z-axis in each frame

is indigpensable to the concept of single-axis rotations.

Consider two Cartesian coordinate frames with a common origin.
Denote the first frame by i and the second by j. Then the unit vectors
3
one frame coincides with the corresponding axis of the other frame, i.e.,
if

defining the two frames are xi' Yi' Zi' and xj, Y., Zj' If one axis of

then the transformation from one frame to the other is at most a single-
axis rotation. The axis which is common to the two frames is the axis
of rotation and tne angle between the corresponding non comnron axes is
the angle of rotation or arqument. The sign of the angle of rotation is
positive if the non common axes of the first ("from") frame move in a
clockwise direction to bring themselves into coingidence with the cor-
responding axes of the second ("to" frame, looking in the positive direc-
tion along the common axis (right~hand screw rule).

(1) X-axis Rotation, X (o)

if x o Ryr the transfoxmation is an X-axis rotation; and if the
angle between Yi and Yj' and z1 and zj, is o« and if o is positive, then
transformation from 1 to j is written as X(a). This is illustrated in
Pigure A-l,

The equations relating the unit vectors of the j frame axes to the
unit vectors of the i frame axes are:

¥=x
Yj QoS o Yi + 81in & zi
zj = -gin a Yi + €05 O zi

A~2
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or in matrix form

"~ .9 ™ - F'A o
X3 1 0 0 xi
Y = 0 cos o sin a Y

J i
0 ~-sin o cos o Z
, J L. I B SR
- “
1 0 0
X(a) 4 0 cos a sin o
0 -sina cos o
A A
N y
A
zj AN
a |
A
Nyl
A
i

Flgurxe A~l. Rotation about X-axis.

In this particular case, the roation from i to j, denoted by Cz is X@).
It is often helpful to represent a number of single-axis rotations in a
gignal flow graph form as shown in Figure A-2.

o -,

. > X - X
*from" atis of "o
frame rotation frame

Figure A-2. Rotation about X-axis flow diagram.




The arrowhead indicates the "to" frame. Changing the direction of
the arrow corresponds to changing the sign of the argument or transposing
the rotation matrix.

(2) vY-axis Rotation, Y{(g)

Similarly, if Yj = Yk the transformation from the j frame to the k
frame is a Y~axis rotation. For a positive argument, g, this is written

as Y(B) and is illustrated in Figure A-3.

[ cos ] 0 -sin B'
Y(B) 4 0 1 0
| sin 8 0 cos B

Figure A-3. Rotation about Y-axis.
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In the signal flow form we have for c? (see Figure A-4).

O—O-O~-+0
=

jy Y

Figure A-4. Rotation about ¥Y-axis flow diagram.

{3) Z-axls Rotation, Z( )

Finally, if zk = zz, the transforxmation from the k frame to the

') cy , \
% frame, Cp o for a positive argument, v, is written as Z(y) and is

illustrated in Figure A-5.

s -

cos ¥ sin v 0

z2(y) 2 -sin ¥ cos Y 0
. 0 0 1]

Figure A~5. Rotation about Z-axis.




Figure A-6. Rotation about 2z-axis flow diagram.

A.3 The General Rotation

If the three single-axis rotations are cascaded, the transformation
from the 1 frame to the 2 frame, Ci. nmay be written as

L4k
G =& 64

= 2(y) ¥(8) X(a)

Note, that the subscripts cancel the superscripte from lower left
to upper right, leaving only the lower right subscript (“from") and the
upper left superscript ("to"). fThis latter notation appears in Brittin44)
The vector is designated by a small lettex with one or more subscripts,
if required. The frame in which a vector is defined ig denoted by a
superscript and transforming a vector v from the i frame to the & frame
is expressed as ' '

Fom

 for a vector with notation employing iwo subserivts, such as the angular

th .th

velogity of the i frame with respect to the j frame, expressed in the

th . » k
k rapd §u exprossed by w. .
framo PrOS y_j'i

Several of these general rotatioh matrices occur in the simulation

and mechanization of a strapdown IN5, The required transformations are
presented in Appendix B,
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A prerequisite to establishing a simple, consistent set of single-~

axis rotations relating the frames of interest is to define the ccordinate

e o e o L ST Ml
[

. axes of one frame, and then relate the others to it via the appropriate

rotations.
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APPLNDIX B

COORDINATE "RAMES AND TRANSFORMATIONS
AND THEIR USE IN THE INSS

B.1 Introduction

In any inertial navigation which provides position and velocity
with regpect to the earth in a local geodetic vertical north pointing
(LUN} frame and the attitude (roll, pitch, and heading) of the vehicle
with respect to the same LVN frame, theve are generally four fundamental

coordinate frames of interest, namely:

1. The Platform Frame

e Defined by the input axes of the inertial sensors.

2. The Body (or Vehlcle) PFrame

o Defined by the longitudal, lateral and normal axes of
the vehicle.

3. The Local Verticsl North Frame

e Defined by the local (geodetic) vortical, east (or west)
and north (or south) axes.

e Fixzed with respect to the earth at a point below (or above)
the vehicle.

Bel
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4., The Irertial Reference Frame

e Defined by the earth's polar axis and the equatorial

plane (at the start of navigation).
o Nonrotating with respect to the celestial sphere.

Only the first of these fundamental coordinate frames, (1), is a
function of the configuration and mechanization of the particular
terrestrial inertial navigator. In fact, the three classical mechani-
zations of an INS are based on the platform frame coinciding with one
of the three remaining fundamental coordinate frames. Thus, if the plat-
form frame coincides with the body frame, we have a strapdown system;
if the platform frame coincides with the local vertical north frame,
we have a local vertical system; if the platform frame coincides with
an inertial frame, we have a space stable system. The latter two types
imply stabilization of the platform or, in these cases, the stable element
by gimbals and control loops driven by gyro and other signals; the strap-
down system mounts the instrument cluster directly to the body. It is
this type of inertial measuring unit (IMU) which is considered in this
report.

B.2 Digression

An added complication has crept into the mechanization of strap-
down systems due to the fact that they were proceded chronologically by
local vertical systems. While local vertical systems work very well over
most of the carth's surface, both computational and physical problens
arise in the vicinity of the carth's poles. The computational problem
occurs in the calculation of the longitude rate which is of the form

VF/(R cos L), where V, is the cast velocity with respect to the earth,

B
R iy the radius of the earth, and cos L is the cosine of the latitude.
As the lstitude approaches 380 degrees (at the poles), cos I approaches

zoro and the longitudo computation blows up. The physical limitation

B2
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. arises in the computation of the azimuth gyro torquing command, i.e.,

B the rate at which the platform must be rotated about a vertical axis to

s g

maintain one of its level axes north. The torquing rate is of the form

[(VE/R) tan L + w, sin L], where w e is the sidereal earth's rate,

and tan L and sin ieare the tangent ind sine of the latitude. Again,
: as the latitude approaches 90 degrees, the torquing rate may approach
: infinity. To circumvent these singularities, the local vertical wander
"y ; azimuth (LVWA) mechanization was developed, wherein the "azimuth" gyro
torquing was reduced or eliminated by incorporating its effects in a
"wander" angle which becomes one of the Euler angles in a direction
cosine matrix (d.c.m.). Since a d.c.m. never becomes singular, the ex-
traction of latitude, longitude, and wander angle from the Euler angles
of the d.c.m. avoids the problem of the north-slaved, local vertical
mechanizatisn. However, both the longitude and wander angles are in-

determinate at the poles.

The computational and physical limitations of a north-slaved,
local vertical system need not arise in strapdown (or space stable) )
. N sygetem, since the gyros are not torqued to maintain a preferred orienta-
gi : tion with respect to the earth. The IMU of a strapdown system outputs
incremental velocities and angles—the integrals of gpecific force and
angular velocity——in the body (platform) frame. If the incremental
velocity outputs are transformed to the inertial frame and integrated
using Cartesian coordinates, the position and velocity may be expressed
in geographic coordinates without resorting to the introduction of a

wander anglae,

However, in the prosent simulation, the use of a LVWA computational
frame was spacified by customer, so the incremental velocities in the
inertial frame are transformed to LUWA computational frame, where the

Wt geee L e .

navigation algorithm appears the same as it would for a gimbaled, local

PO

. vertical IMU~—except that the gyro torguing signals become the matrix

T

torquing signals for the inertial-to-LVWA transformation.

I I i e s g
t
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The purpose of this digression has been the explanation (if not

justification) of the introduction of an additional coordinate frame,

the LVWA computational frame. This frame coincides with the LVN frame

when the wander angle, ¢, is zero. When the nominally "north" axis
(for o = 0) is rotared to the west of true north, the wander angle is

positive,

B.3 The Simplest Case

If one were seeking the simplest mechanization of a strapdown

system for terrestrial navigation, there would be only three ccordinate
frames of interest. They are as ligted:

1. The platform (P), and body (b) (or vehicle) frame.
2. The local vertical north frame,

3, The inertial reference frame.
In Figure B-1l, a gross "cilrcle dlagram" illustrates the three

coordinate frames of interest (denoted by the small circles), and the

intervening transformation {denotaed by the rectangular boxes). The

circle diagram is a plctorial representation of the fact that the product
of the rotations around a closed path in the same sense ig identity or

b 1 i

cl ¢l = 1 (B-1)

With the direction of the rotations, as shown by the arrcwheads in

Figure B-l, which corresponds to premultiplying both sides of Eg. B-l

by c;,, the attitude matrix, we have

1' b o1 4 1t
| CuCle €0 6y = 6 I | (8-2)
:
k B-4
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Féi~mare B-l, Transformations reguired for strapdown (SD INS
COMPLualoONs = simplast case}.

¢

’ ] ]
c; = ci‘, cf; (B~3)

(4} is used throughout. Any orthogonal trans-

whore Britting's notation
formation, Cg. corresponds to ono or the product of two or more single-

axis rotations, as indicated in Appendix A,

To maintain the simplest rclationships among the fundamental
coordinate frames, requires that, when the angles specified by the rota-
tions are all zero, the coordinate frames are coincident. This is
accomplished by specifying the coordinate axes of one frame and relating
it to the others by the simplest sequence of single-axis rotations.

B«5




If the 2 axis of the inertial reference frame is defined to lie
along the earth's polar axis (EPA) witii the positive end at the north
pole, and the X axis is defined by ine intersection of the equatorial
plane and the meridian plane (obse.ver's or Greenwich at time t = 0),
then the ¥ axis lies in the equacorial plane, 90 degrees east of observer's
or Greenwich at t = 0. This dcfines an earth-centered inertial (ECI)
reference frame for all t > 0. If the first definition is used, then the
longitude computed is the chaage in observer's longitude since t = 0,
and the observer's initial loagitude relative to the Greenwich meridian,
zo, is simply an additive constant. Positive longitude, or change in
longitude , is to the east along the equator, i.e., it is a positive
rotation about the EPA. The rotation of the earth with respect to the
ECI frame, w
tude.

iet' is about the same axis and in the same sense as longi-

Then, to define the location of a point on the earth, P, the
observer's location at time t, a8 rotation about an easterly axis parallel
to the equatorial plane, through the geedetic latitude, L, is required.
Since latitude is defined to be positive in the northern hemisphere,
the sense of the rotation is negative in the northern hemisphere.

In the compact notation of Appendix A, the transformation from the
inertial reforence frame to the LVN frame (observer's position with
]
respect to the earth at time t), Ci,, is axpressed as the product of

two single-axis rotations:

2.

Clv = Y-LIZR +o, b)) (B-4)

The X, ¥, 2 axes of the LUN (') frame previously defined are Up, Bast,
North, respectively. '

B~6




TS e e A e IR

If the aircraft were headed north and the wings and nose were
level, all the attitude angles would be zero and the body frame would
coincide with the LVN frame. However, if the aircraft performs a
climbing, right-hand turn, all three "attitude" angles (roll, ¢;
pitch, 6; heading, ) will assume positive values. The simplest
transformation from the UEN (LVN) frame to a body-fixed frame involves
three successive single-axis rotations through the heading, pitch, and

roll. They are as follows:

1. The first is a negative rotation about the X or "Up" axis of
the LVN frame through the heading angle, V¥; i.e., when { goes
positive, the nose of the aircraft is rotating from north to
the east. This rotation is denoted by X(~¥) = i(W). where

the tilde (-~) denotes the transpose.

2. The second is a positive rotation about the ¥ axis of the
intermediate frame (which is displaced from the UEN frame
. by X{(~¥); i.e., the ¥ axis is East if Y = 0) through the
pitch angle, 8. When the pitch angle goes poaitive, the
. nose is elevated above the horizontal plana. This rotation
is denoted by ¥(0).

3. ‘The third is a positive rotation about the forward~-pointing,
longitudinal (2) axis of tho aircraft through tha roll
angle, . Roll is positive when the right wing dips below
the horizontal plane. This rotation is dencted by Z{(¢).

Wit
The completc UEN(LVN) to body t:ansformation. Cg,, is given by

. .

), = Z(OE(O) K-V C (Be5)
Note that the X, ¥, 2, “body" axos in this case are “Up" through the

the canopy, and through the right wing, and forward through the nose,

respectively.
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The attitude angles as previously defined in Eq. (B-5) correspond
to those obtained from perfect angle encoders on an ideal, three-axis,
local vertical, north-slaved IMU, where the gimballing order, from the
outside in is roll, pitch, and azimuth. This gimbal arrangement is used
on cruise vehicles, where the pitch angle does not approach 90 degrees.
On tactical aircraft with all-attitude capabilities, a redundant, inner-
roll gimbal is added frequently with limited freedom—which drives the
outer-roll gimbal so as to maintain the inner-roll gimbal orthogonal to the
pitch gimbal (except during certain maneuvers). This gimbal arrangement
and the resulting "attitude"™ matrix is illustrated in Figure A-9 in

Section A.2 of Appendix A, Volume II.

In a strapdown system, the gyros are usually mounted with their
input axes along (or parallel to) the aircraft body axes. The gyros
ideally sense the angular velocity of the body frame with respect to
the inertial frame, expressed in the body frame. The outputs of the
gyros represent the integrals of these angular velocities over a short
interval of time. So if the initial orientation of the body with respect
to the inertial frame, c;:(ox ox c?:(o; inertial-to~body, is known
and one properly keeps track of the changes in orlentation with time,

]
then C;,(t) is always known,

Now, premultiplying Eq. (B-4} by Eq. (B~5) we have

b* b' &'
cil - CE, Cic

. 2 Y(O)X(=Y)Y{~L)Z(L + mict) (B-6)

L
Actually, the transpose of the matrix givem in Eq. (B-8) or C;, is com-
puted in the “velocity-attitude® algorithm yhich computes (or can compute)
. ae
the inertial to local vertical transformation, c;,. Then by premultiply-

ing the former by the latter, we obtain the “attitude® matrix, i.c.,

¢, = <. g, (8-7)

B-8
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Since the form of Eq. (B-7) is known from Eq. (B-5), the attitude angles,

N RS AT
L]

¥, 6, ¢, may be extracted, as shown in Section A.4.4 of Appendix A,

Volume II. This simple case is illustrated in Figure B-2).

T R

B.4 The Actual Case

The coordinate frames and transformations actually employed in

Y T T

the INSS are considerably more complicated than the simple case just
presented., The complication arises due to the introduction of seven
additional single-axis rotations required to form the body-to~computational
frame transformation, Cgl. Two of these additional rotations occur due

to the use of a LVWA computational frame, with the introduction of the
wander angle, a, which appears twice in the sequence, while the remaining
five are fixed rotations which occur in ones or twos to accommodate the
various defjnitions of local level or inertial frames which appear in the

different modules. The overall nominal body-to=-computational frame circle
. diagram is shown in Figure B-3,

e
i
{
i
F
¥
g
5
3
¢
t
K2

Before discussing, this circle diagram in detail it may be instruc-
]

- tive to examine Cg when all the variable angles, ¢, 6, ww' G, L, &,

4.
%
T

and mint are zero, romambering that in the simple case all the coordinate
frames would be coincident. This situation is depicted in Figure B-4 where
all the remaining six frames are regaxded as LVUN frames. Under these

circumstances five differont LVUN frames appoar since the north, west,
up frame occurs twice. '

)

]

In the Figure B-4, Cg + with all variable angles zero is given
by

' |akl variable

b |angles zero 0 -1 03 = 2(m)Y(n/2)

B-9
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Figure B-2, $implo body-to-LVN fxame, Cf, (attitude matrix).
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Figure B-4. Cg in INSS with all variable angles zero.
Hence, it requires a total of seven fixed, single-axis rotations to
complete the trip around the circle diagram when all the variable
angles are zero. With a little planning, all these rotations could
have been eliminated, as illustrated by the "Simplest Case"—or as

used in Reference 2.

In practice, it is common to encounter different definitions of
the same kind of coordinate frames, although seldom as extreme as

shown in Figure B-3,

B-12



The LVWA (Computational)-to-Body Frame Transformation,

co

or QOBC

L ==

This transformation relates a wander azimuth, local vertical,

computational frame (corresponding to the stable element of a perfect

LVWA navigator) to the body f.ame.

It is used in the interim trajectory

module as part of the transformaticns required to generate the incremental

velocities and angles which would be output by an ideal strapdown IMU.

It is expressed as the product of six single-axis rotations—three fixed,

and three variable:

where

where

D -
] 1

<
]

Performing the indicated operations, we have

1 o
0o -1
0 0

Cb
c

the roll (Euler) angle.

the pitch (Euler) angle.

the yaw (Euler) angle of the wander azimuth platform.

L0

ch sww

;—c¢ s0 sww
i}

c = cos
A .

s = sin

_s¢

~s¢ s0O s¢w - c¢ cyp

w

- s¢ sww

cé

Afce o -s¢
0 1 0

| s¢ O co
ct cww

-s¢ sO cww + cd sy

B-13

w + s$ sy

aTr
cu
l"W

-sy

W

w

w

x(n)x(¢)Y(e)z(ww)x(n)z(n/2)

!
|
I
|
|
|

sww 0
cww 0
0 1

s6

s¢ cb

c¢ cb

['o 1 0
-1 0 0
0 0 1




~

It should be noted that 3x3 matrices are handled in the program as nine

element vector (9x1l), where the ¢ —ants are stated rowwise, i.e.
r~
1 p-
Cll C12 C13 cl C2 CB.1
c]D or QBC = |cC c o = |c c
c 21 22 23| 4 s S
| G310 Ca2 €33 5 Cg G
or
T
gBc® = {c,c.c,c,c.c.c.c.C.}

1727374°576°7°879

B.6 The Local Vertical North (LVN) to Local Vertical Wander
Azimuth (LVWA) Transformation, Ci or QCP

This transformation relates an ENU (LVN) frame to an ideal LVWA
frame. It is a single axis rotation about the Up-axis through the
wander angle, a, which is positive when the Y-axis of the LVWA frame

is west of north.

rcu sa 0..1

C = 2(a) = -sSu ca 0

In the Interim Trajectory Module (ITM) the incremental velocities
(integrals of specific force) are generated in an East, North, Up (ENU),
Local Vertical, North-pointing (LVN) coordinate frame, then are trans-

formed to the body frame (which would be NWU if all the variable angles

B-14
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were zero). In the notation of the circle diagram, Figure B-3, this

. . b
transformation is denoted by Cg . However, as indicated in the heading,

the program mnemonic is QBP (P as is in perfect LVN).

The corresponding body frame specific force, Eb, is given by

@ = g3

B.7 The Earth Fixed to LVN Transformation, c? or OPE

This transformation relates an earth-centered earth-fixed frame
with its Z and X axes in the equatorial plane, and its Y-axis along
the north earth's polar axis (EPA) to the perfect LVN frame with its

X, Y, and 2 axes along E, N, U. It is the product of two single-axis

rotations, namely,

co X(~L)Y (R)

1 o 0 7 et 0 st T
0 cL -slL, 0 1 0
L0 sL, cL | _—52 0 ct 4
" ot 0 st 7

= -s5Lst cL -cLcf
| cLse SL cLe |

B=-15
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B.8 “The Inertial” to Earth Fixed Transformation, C% or QEI
L

This is the single-axis transformation that relates "the inertial”
frame to the earth-centered, earth-fixed frame. It is a position rota-
tion about the north EPA through an angle which is the product of the

earth's sidereal rate, W and the time in navigation, t. It is given
by

[cw, t sw, t 01
ie ie
2 A
cC, = 2 = - t
i (wiet) swiet cw, & 0
L 0 0 1.

The angular rate sensed by the gyros of a strapdown system is
that of the body with respect to the inertial frame expressed in the
body frame, B?b' The output of the gyrcs of the SD IMU is the integral

of the aforementioned angular race, over some time interval, At, or

£ +Ot

— A b

Aen = f wib(t)dt
tn--l

To evaluate this integral, the produ:t of all the four rotation matrices

is required; i.e., the transformation from tihe inertial frame to the

body frame at t and t_ _, ?(t"), Cft"'l), where
n n-1 i i
Poropr = Pkt
i c L e i
and
i b.T =1
% = &1 =g
B-16



where the tilde (~) denotes the transpose, then the product of the
previous matrices

b(t,) b(t,) _i
c ,™n = ¢, ' ¢
b(tn-l) i b(tn-l)

permiits the evaluation of KE;, as indicated in Appendix C.

L
B.9 The Inertial to "New" Earth-Fixed Transformation, C% or Q
Py

In the earlier discussion of the various LVN frames, which could
be considered to be implied by the numerous fixed rotations, it was not
specifically noted that some of these frames arose due to two different

definitions of the "inertial" frame and the "earth-fixed" frame.

The velocity-attitude algorithm (module) in the INSS is responsible
for updating Ci on the basis of the A8's received from the gyro compensa-
tion module, so the AV's received from the accelerometer compensation
module may be transformed frcm the body frame to the inertial frame used
by the navigation algorithm (module). In addition, the velocity-attitude
algorithm must pass to the navigation algorithm the body-to-"new"-earth-

fixed transformation, Cﬁ , for use by the latter in the attitude compu-
tations.

c s s . . e’ .,
The additional transformation involved in generating C is Ci ’

b
where €' is the "new" earth-fixed frame, and i' is the "new" inertial
frame. These frames, i and e, and i' and e', coincide (in pairs) when

t = 0. The first pair is based on the X, Y, Z axes of the LVN frame
being along East, North, Up, respectively, while the second case assumes
the X, Y, 2 axes of the LVN frame are along Up, East, North, respectively.

The two cases are illustrated in Figure B-5.
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Figure B-5,

The transformation from the "old" inertial frame, i, to the "new" inertial
"

frame, i', is Ci where
Z(=1/2) X (=1/2)
= Z2(w/2)X(w/2)

From the "new" inertial frame to the "new" earth-fixed frame the trans-
1

. e s .
formation, Ci" is simply

]
ne

Z(w, t)
e
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Finally, the required transformation from the inertial to "new" earth-

fixed frame, Ci , is given by

‘2 ]
c. = c, ¢t
1 1 1
= z(wiet)Z(Tr/2)X(1r/2)
Cew, t sw,. t 0] o -1 olJ[1 o o]
ie ie
=l-sw, t cw, t 0 1 0 0 0 0 -1
ie
| o o 1 Lo o 1]lo 1 o]
sw, t 0 cw, t
ie le
=1 cw, t 0 -sw, t
le e
L o 1 0o

B.10 The ("New") Earth-Fixed to ("New") Computational (LVWA)
Frame Transformation, cg: or AT or A

This transformation (or its transpose) is loosely and generally
referred to as "the direction cosine matrix", or d.c.m., in inertial
navigation systems employing a LVWA navigation algorithm for the simple
reason that it may be the only rotation matrix or d.c.m. occurring in

the navigation software for a gimballed, LVWA INS.

1
The elements of C:, are the repository for the earth-relative
position (latitude and longitude and wander angle) which are the three

Euler angles relating the "new" earth-fixed frame, e', to the "new"
L

computational frame, C'. CZ‘

is given by
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¢! ~ A
Ce' or A = X(a)¥(-L)Z(2)
= X(a)¥(L)Z(2)
- Tr r -
1 0 o c. O sL ct s O
L3

0 co sq 0] 1 0 34 ¢ O

|0 -sa cod ~sL 0 <c¢cL JLO 0 1]

" cled | cLsg | st 1
e | l
§ : = | -casf - sasLed ; cacl - sosLst :sacL
% sast - caslLcld | -sacd = coaslsi lcacL
= -
. By B By
-% =122 P By
: (P13 Pz Basld
% where
§ o = the wander angle positive to the west of north
f L = the geodetic latitude positive in the northern hemisphere
z % = the geodetic longitude positive to the east of Greenwich

% From the elements of A, position and wander angle are obtained from the
§ following relationships

1 A

3 & = tan 1 333

4 33

3 : % = tan * KZL

i 11

)

1

3 B=20




-1 31

R = tan F——_-__-;z-——
Bt Ay

A
= tan”! =
+
JAsz B3
Note that a and £ are indeterminate if A2 + A2 = A2 + A2 = 0
11 21 32 33 '

i.e., for CL = 0 or L. = #90°,

B.1ll The "Attitude" Matrix or Body to "New" Computational
Frame Transformation, CC or DTEM

This transformation relates the body frame to the "new" LVWA
computational frame employed in the navigation algorithm. By the
appropriate inverse trigonometric relationships, the "attitude" of the
vehicle (body) is extracted, "Attitude" included rxoll, pitch, and yaw.
The latter must be corrected by the wander angle to provide the "true"

heading.

]
In the INSS, cg

1
is formed as the product of Cg from the velocity-
]
attitude algorithm, and Cg, from the navigation algorithm, or

c! c' e

cb " ce' Cb

This looks simple enough until one reexamines the circle diagram,

]
Figure B~3, and notes that Cg involves 16 single~axis rotations and
8 variable rotations through a, L, &, miet (each of *the latter 4 argu-

ments appearing twice). One would expect that the eight aforementioned

TR e

variable rotations would “cancel" out in pairs, leaving the resultant
purely a function of the three attitude angles, ww’ 6, and 0, with suit-

able rearrangement due to the fixed rotations.

O P A I e

ST
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In the “"simplest" case, shown in Figure B-2, one can see by

inspection that this is the case, but in Figure B-3, it is not so ob-
vious that

cl

Cb = F(wwl 0, ¢)
' .
Letting A = ¢ + wiet and tilde (-~) denote transpose Cg may be written
as
c’ c' C
C =
b Cc Cb
where
c - - ~ -
Cb = Z(w/2)X(W)Z(ww)Y(e)x(¢)x(n)
and

[T 9]

S = x(@)Y(L)Z(A)Z(1/2) X(1/2) Y (A) X(L) Z(a)
W

\me/

]
It may be shown by expanding Cz , as indicated by the successive brackets,

that only the fixed rotations survive, and
cl

¢’ = Z (1/2) X(7/2)

Hence

]
]

£<n/z)i(n/2)£(n/2)i(n)i(ww)§(9>i<¢)x(w)

B=-22
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Expanding the four fixed rotations which are adjacent to one another, C;

we have

o' = Z(1/2)X(7/2)Z(1/2)X(1) = Y(1/2)

. L]
The final form of the "attitude" matrix, C; , is

c' vt o oA —
cb = Y(Tr;2)Z(lbw)Y(0)X(¢)X(Tr)

[0 0 -17 - i 1T
1] [ev, -sv, o] fce o so|[12
=10 1 0 sww cww 0 0 1l 0 0
|1 0 0] Lo 0 1) L-s6 o ol lo
- s@ | cOs¢ l cbecd R
1 |
{
= swwce : —cwwc¢ - swwses¢ :cwws¢ - s¢wsec¢
- ! s -
_cwwce : swwc¢ cwwses¢ | svws¢ cwwsec¢_
C11 S22 €13 ¢, S S5
=1]1C C c (o4 C C

21 22 23| 4 5 6

131 C32 Ca3_ | C; Cg  C9

o]

-s‘p

co ]

L
The elements of c® are stored as a vector by rows—as indicated by the

b
Ci (not the same Ci as uead earlier).

B=23
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Roll, pitch, and yaw are obtained from the elements of the first row

L]
and column of Cg , namely

Note that ww and ¢ are indeterminate if cg + C2 = 02 + 02 = 0 i,e,, for

3 4 7
€O » 0 or 6 = 290°,

B,12 fTrue Heading

It may be shown that the true heading, ¥, is the difference be-
tween the vaw, ww, and the wandey angle, d, 2.0,

‘In the mechani=ation, the position and wander angle are extracted before
the “"attitude" angles, so the current value of a is avallable when reguired.
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B.13 The "Wander Angle Matrix", or "New" LVWA Computational

Frame to LVN (UEN) Frame Transformation, CX,

This single-axis transformation is used to rotate the computational
frame velocity to an LVN frame. It is given by

1 o0 0]

Cc' = X(~-a) = X{a) = |0 ca =-sa

LO sa ca
and its uses is

[ L' !
v =

B. 14 Other Transformations

Another fixed-angle transformation is employed to express the LVN
velocity in the ENU frame, when it is given in the UEN frame. 'The

transformation is CQ and is given by

Q'
o1 0
c, = Xtn/2z(/2) = |0 0 1
1 0 0

and its use is

vt o= o
or
- 1
Vﬂﬂ VR n
X Y
'3 A
v = v
Y Z
LVQ vl'
2~ - x =

L R L



This latter form is, of course, the acme of gimplicity to code,

but it is a frequent source of trouble in interpretation.

If nothing else, the presence of so many redundant transforma-
tions points up a very real problem in systems integration, where
multiply-defined, similar, coordinate frames are almost certain to

occur. The construction and use of the appropriate circle diagram(s)

is recommended in thece instances.




APPENDIX C

ROTATION MATRIX IN TERMS OF AXIS AND ANGLE OF ROTATION

A direction cosine matrix (or rotation matrix) is unique, its
interpretation is variable. As the first name implies, the direction
cosine matrix is a 3x3 array, the rows or columns of which are the
direction cosines of the axes of one orthogonal frame in another. The
rotation matrix may arise in the case where a vector is rotated akout
a line, i.e., a unit vector with direction cosines in the "body" frame

of nl, n2, n3, through an angle 8.

In this case, the rotation matrix from the new body frame to the

nld (before the rotation) body frame, R(8), is given by (3)

R = I+ Nsindo + N2 (1 - cos 8)
where
e -n, nzT
N 4 n, 0] -ny
[T M °
and

[}
(=]

n2 + n. + n2



Another equivalent expression for R is

-0y n, ny n,n, nln3
2
R = Icos 9 + n, 0 -n, sin 0 + nln2 n, n2n3 (1 - cos 8)
-n n 0 n.n, n.n n2
2 1l 173 23 3

The direction cosines of the axis of rotation nl, nz, n,, may equally
well be expressed in terwms of the components of the angle of rotation,
6, along the axes of the coordinate frame, as

e
0

=
B
o]

$240

. whore _
| ETETE »
OE gy - .

' . | 2
- In texms of & and its couponents, N.and NT become

{0 -0, aj

-

C-2




and

2 2 -
- +
. (62 93) 6162 6163
; 2 1 2 2
’ N~ = 92 9192 -(63 + el) 6263
{.
. 2 2
. : 6163 6283 -(6l + 92)
¢ - and R becomes - -
. o 2 2
2 (05 + 0% 9 8,8 0 9,0
_ 1~7—2—e-2——3‘ (1 - cos 0) -—e3-sme+-—:—23(1-cose) e—gsinebT?.‘,l(l-cose)W
AB‘ 8,6 . ’ . (ﬁz a 92) - . B 8

Re ] Teino "% (1 -cos o) - 4_1“—3—-@-.‘,—-1—_-(1-‘:056) . -%sip&»%‘t;-lmse)
v 0, ° 0,0 Ce 9 - 2, ¢l .
. ‘ --‘)—;"-slnﬁo—lz-l(l-cosp) -é-’-'-..moc-—ZZ—Ju - cos 0) 1-(61’02) (1~ cos &)
s L s 0 o? .
Cooe One should bear in mind that any rotation matrix may be considered to
have the form of R (it is not limited to small values of ¢) although
. the simplifications and approximations which are reasonable; and as ©
g o © becomas smaller, are evident. If terms on the order of {-}2 are .
i negligible then
rl -8 9
H R
N ¥
02 -0 03 1 al
L N
: 2 . 2
H sincel-cnse-tgwwo. w+1_L+1
& 2 0 6
:
&
3

Cc=3
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In general, given R, the angles el, 62, 63, are extracted as follows

Y - X

32 31 0 sin 9
2 170
1373 _ , sin®
2 2
Ta1 " T12 | o sin®
2 376

Squarihg the above three equations . and adding gives

' 2
2 2 2, sin” © 2
+ ———— I 1
(61 62 + 93) YR sin™ @

From this define

o et

sin 0 é + Jginz )

and hence
6 & sin~! (sin 0

If an inverse sine routine is not available or convenient, the trace

of R1 on the sum of the diagonal elements is used to define cos 6,
namely,

rll +r .+ = TyR = 1+ 2 co8 6

hence,

cos § = (TrR - 1)/2




P I

and the inverse tangent routine may be used to evaluate 8. Note that
there is no loss of generality in assuming the positive sign for
/éinz 8, since a change of sign here would be reflected in the signs
of 01, 82, and 93, effectively flipping the axis of rotation and the

sense of the angle of rotation simultaneously.

This interpretation of a rotation matrix is used to generate the
incremental angles which would be output by ideal single-degree-of-

. i
freedom gyros in a strapdown system, at tn where the values of C

b
are given at tn and tn - At. 1In reference (3), the procedure described
above is used, but the INSS simply forms the product matrix Cgtgz as
b (n) b(n)| b(o)| T b(n) i T ~
= . = R R
Cb(o) ci [%1 :] Ci Cb(o) >
where

n +> nAt, 0 - (n - 1)At

Then, three off-diagonal elements are extracted and divided by At, and
t
the resultants are called the average angular rates over the n h corn~-
- . 2 .
putation cycle. 1In addition to the scaling error of 6 /6, this method

also has additive errors in ei of 6.6, /2.

J K-
c.l Relationship Between a Rotation Matrix and a Unit
Quaternion

The general rotation matrix, R, shown in expanded form in
Eq. (3- ), may equally well be expressed exlicitly in terms of the

direction cosines of the axis of rotation, n,, n_, and n_, and of

1 2 3
trigonometric functions of the half angle of rotation, 6/2.

Using the half-angle trigonometric identities

0 0 ] 0
sin 0 2 gin 5 cos 5 = 28 5 c 5

1 ~cos 9 = 2 sin2 % s 2 52 %
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and

2 2 2
el/e . 62/6 = n, 63/6 = n 0 + n, + n, = 1

3

and substituting the above into the expression for R, we have

S et 8,8 8.8
1 (nz + 93) -n3(2 85 C 2) n2(2 s5¢ 2)
23 28 : 28
(2 8 2) + nlnz)z s 2) + n3nl(2 8 2)
8.8 PRI N X i 8 8
n3(2 sy ¢ 2) 1 (n3 + nl)(2 8 2) nl(2 s 3¢ 2)
R=
2 9, 2 8
+ nln2(2 s 2) + n2n3(2 ) 2)
8.8 8.8 | sy ndyeg 2 8
-n2(2 s ¢ 2) nl(z sy¢c 2), 1 (n1 + nz)(z ) 2)
2 8 20
hf n3n1(2 8 2) + n2n3(2 s 2)

Noting from Reference (3) that the four elements of a unit quaternion,

g, may be expressed as
8 q, = cos 4 = C g
. _ 2 2
3 g 8 =
$ 9 = meEiny = e
[} [}
;{ 4, = n, sin 2 = D, 85
o : 9 8
el A 2
3 - q; = 04 sin 7 ° Ny S3
|
ol |
?;,
s C~6
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R may be written in terms of the elements of the unit quaternion as

e

-
2 2
1= 2e; *qy) 2099, - 49 249, * 99y
R=|2( + ) 1l- 2(2 + 2) 2( - } = ]
\ 2 2
(a39) = 9,9, 2(q,95 + q49,) 1= 2(q +q)
_ -

Since qg s ] - qi - qg - qi, for a unit quaternion, the elements of

the quaternion may be found from the elements of the corresponding rota-
tion matrix, as follows:

2 2 2 2
1+ rll + r22 + ryy = l4+TrR = 4(1 - q1 - qz - qa) a dqo
hence
q = Y(l +“"I‘rR)/4
and

9 = gy - ”23?’4 9
IR TR AR
q = (xy = x,,0/4 4,
Both the above conversions are cmployed in the Velocity Attitude algo;ichm

when a quaternion update algorithm is used.

Cc-7
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APPENDIX D

INERTIAL COMPONENT ORIENTATION

D.1 Introduction

Given the body (or vehicle) franme, defined by xb, Yh' 2, the
(nominal) inertial component frames are defined such that the input
axes of one inertial component case of each kind lies along (or paral-
lel to) one of the body axes., Hence the X-gyro or accelerometer input
axis is nominally aligned parallel to the X-body axis, and similaxly
for the other inertial components. If the further (and usual) con-
atraint - that the remaining two axes of cach inertial component be
aligned parallel to the remaining two body axes - is applied, then
there are four possible, nominal orientations of each single-degree~of-
frredom inertial component. The particular orientations chosen are
generally predicated on an attempt to minimize the degradation in

1'component parformance in the anticipated vehicle environment, bearing

in nind that calibration is usually performed in a one g field. To
take one simple oxample: if a gyro has a large, unstable, g or g2 de-
pendent, torque coefficient which is forced by acceleration (or accelw

eration squared) alewiy the sbin reforcnce axis (SRA) and the gyro is

to be used in an aircraft inertial navigator, then the first choice for

the orientation of thu gyro SKA would be along the lateral or Y-axis of
the airoraft since there is normally negligible accleéation along this
axis., ‘The vecond choice would be along the longitudinal or X-axis of
the alrcraft where there is minimal or only transient acceleration.

The final choice of inertial component orientation will bo a compronise
based on several similar considerations. ' '

Dl
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The default orientation of the inertial components appearing in
the simulation is illustrated in Figure D-l, where one inertial compo-
nent of each kind has its input axis parallel to one positive body axis.

D.2 X-inertial Component Orientation

The gyro or accelerometer orientation with respect to the body
frame is specified by a rotation matrix, QGBX or QABX, in the program

mnemonics, where the default value is:

1 0 0
QGBX or QRBX = x(g-) o o0 1
o 1 0

In general, the nominal orientations for the X~gyro or accelerom-
eter are:
QGBX or QABX = x(%'l), X 0,1, 2,3

If ono wishes to specify infinitesimal misalignments of the input axis
(IA) of the particular X inertial component, Iy, with respect to the

‘body frame, these may be represented by the cmall angles, By or Y.

about the ¥ and 2-body axes. The resulting transformation from the body
frame to the slightly misaligned X-inertial component frame is given by:

acax o onnk = x(E0)e 8 2 (v

where YE(Bx) and 2. (v,) denote infinitesimal rxotations about the ¥ and 2

body axes raspectively and are

, 1 o -8,
Y (B.) A¥(B) = 0 1 0
€ x F

Bx<<1 Bx 0

D~2
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and
A ! Yx 0
<< af ~
Ze(Yx) 2 Z(Yx) Yx 1 Yx 1 0
0 0 1

Since Bx and Y, are small--on the cxrder of a milliradian or leas--their
products may be neglected for the anticipated applications, and the
product of the two may be considered to be multiplicatively commuta-
tive, i.e.,

1 Yy --Bx
¥, (Bx) zctvy) = ze(Yy) Ye<8x) ==Y, )| 0
Bx 0 1

Thn general transformation from the body frame 2o the X inertial
component frame is:

- 1 : | Yoo : -,Ex 7
QADX o QuBX = ~Yx0(§l)+ﬁx5('k§§): C(%t”) i 5(%‘")
!
, . '
o) st ) | )

‘For the default value (k=l) of the X inertial componout orienta-
tion _ s -

1 Y, --Bx
QARX or QGBX = _Bx ] 0
{(kx & 1) v, o© ' 1

of course, 8 " and Y, may be different for the X-gyro than for the X-
sccalerometer. MNisaligmment about the input axis, which would be da-
noted by o in this case, is never considered in practice.




D.3 Y-inertial Component Orientation

The Y-gyro or accelerometer orientation with respect to the body
frame is specified by a rotation matrix, QGBY or QABY, in the program
mnemonics, where the default value is:

l_o 1 o |
QGBY or QRBY = X() z(-’zl)= 1 0 o

In general, the nominal orientation for the Y-gyro or accelerom-
eter is: '

QGBY or LBOY = x(’-‘;—'-) z(%) k=0, 1, 2, 3

Infinitesimal misalignments of the IA of the particular Y-inertial
component, Iy, with respect to the body frawe, may be respresented by
swall angles, Yy ang ay. about che 2 and X-body axes respectively. The
resulting transformation from the body frame to the siightly misaligned

Yeinortial conponant framo 18
| LA PY LA :
qoer o gasy = ¥{5)2(F)z, v, ¥ (@)

where ZECYY) and_xatuy) denote infinitesimal rotations about the 2 and

X-body axes fespectivalgvand aroes . —
.e W 2 l o 1 :y 0
2. (Y i{y,,) ~¥ )
7 0 0 1
_ ~ -
and ' , S 1 0 o
(1384 : '. )
xe(ay).} Muy)l - 0 1 o
" la €]
0 -3 1
Ly - y * ]
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The general transformation from the body frame to the Y-inertial
component frame is:

—-YY 1l QY 7
onsy or gasy = | ~c(X) 1 - s .’E.E)-ays(_zﬂ) kn)

LA
2
om | )

- For the default value (k = 2) of the Y=-inertial component orienta-

s

tion
- 1 a
¥ y
QRBY or QGBY w 1 Y, -0
o o -

 p.4 Z-inertial Compoment Orientation

‘ Pinally, tie 2«gyro ox aeecleroﬁetar orientation with respect to
the body frame is specificd by a rotation matrix, QGo2 oz QABZ, in the
pxogrm umemmcs. whore the dofault value is: .

QGBZ or QADZ w X (- | )2«%)'
' - c 0 1
-:s(?)v,(_-:;) « 11 o
: o 1 0

In general, the nominal oricentations for the 2-gyxo or acceleroa-
atey are: ' '

QG2 oz.gnaz-# x(%i)x(-'-g) P ko= 0, 1.7 27, 3

D=6




Infinitesimal misa)ignments of the IA of the particular Z-inertial
component, I,, with respect te the body frame may be represented by
the small angles: o, and Bz' about the X and Y body axes respectively.
The resulting tranaformation from the body frame to the slightly mis-
aligned Z-inertial component frame is:

QGBZ or QABZ = x(%’-’-)v '('Tzl)"s“’z’ v (8,)

where, as before

— -
1 0 | -Bz

X (@) YE(BZ) = x'e(Bz) X la,) =10 1 @,
-B -0, 1
.2 F ...

The general transformation from the body frame to the Z-inertial

component frame is:

T " o e : - T
, 8; : ..a,z : i 1
. 4 : ’ 3 ' '
QABZ or QGBZ = -s(5%) : o¥) i o, (55) (%)
<(3) ) (%) (%" - <(%)

ten " B, -, )
C QABZ or QGBZ = i o -Bm

(k= 3) 0 1 a

- D=7




D.5 Insertion of Inertial Component Orientation

Each element of each inertial component alignment matrix must be
input in both the inertial component module and the corresponding
compensation module. It should be reiterated that elements of these
matrices are entered row-wise, not columnwise; for instance, if QABZ,
using the default nominal orientation and the infinitesimal misalign-

ments, were being input the sequence would be:

BZ' -(!z, l, l' 0, -le ol ll az‘

0.6 Component Misalignments and Nonorthogonalities

In each of the gyro and accelerometer compensation modulcs, there
is a provision for an additional misalignment matrix, QMIS. This
matrix, which must be entered by the user as a nine element vector, is
used to transform the cowmpensated Ayéé and ég?é from the accelero-
meter or gyro input axes to the body frame. (One should note that
QBAX in the accelerometer module is the same as QABX in the accelero-
meter compensation module except for misalignment errors, i.e. one is
not supposed to be the inverse of the other). The nine elements of
QOMIS in the accelerometer compensation module are formed from the
elements of the first rows of each of QABX, QABY, and QABZ with the

signs of the infinitesimal misalignments reversed, i.e.,

= - -
1 Yy Bx
OMIs A Y 1l -0 = Cb
=2 y y aI
-8, P 1 '




. QABxl -QRBX,,
~QABY, QABY.,

- ) - 7,
L QAIZl QABZ,,

0Of course, the diagonal elements of MIS arec all unity.

L

-N
lABX3

-QABY3

QABZ,

3—

OMIS is the

"first ovrder inversc" of the nonorthogonal transformation from the body

frame to the input axes of the accelerometer triad,

Q,» the following identity holds:

LA B
2
-8
b P4
+ -
1|
2
|: (BZ

Q0 F @+ Q)+

™

r

-Y
+y
Y
+ B8 -
X
0 -(y
+
YY
+ Bx) a

+

0

1

2

A

©-Q

{0+ )
Yy z

0

Shortening QMIS to

Symmetric

Skew

Symmetric

The off diagonal eclement of the symmetric portion of Q represent the

component non orthoqonalities.

The skew symmetric portion of Q reprc-

sents the rotational misalignment of the orthogonalized triads.

It should be noted that the a's, B8's, and y's do not necessarily

imply the existence of component alignment; only when the values of Y

and Bx in QABX, for instance, do not coincide with the corresponding

vaiues in QBAX do actual (first order) orrors in alignment of the X

acceloromoter propagate into systom errors,

D=9



The form of the component misalignments used throughout the INSS
do imply the existence of independent means of establishing the 'body!
frame. This in turn implies the existence of optical cubes, one of

which defines the "body" frame fixed in the inertial component cluster.

As it stands, it is evident that the user must cexercise great
care in setting up a desired set of ayro and accelerometer nonortho-

gonalities and rotational misalignments.

D-10
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